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C1(RN).



C1(RN)







B(x0; r) = {x 2 RN : |x� x0| < r}, r > 0

RN = {(x1, x2, ..., xN) : xi 2 R, i = 1, ..., N} R+ = [0,+1)

supt(u) = {x 2 ⌦ : u(x) 6= 0} u : ⌦ ! R

u+(x) = max{0, u(x)} u�(x) = max{0,�u(x)} u : ⌦ ! R

u : ⌦ ! R M 2 R

[u � M ] = {x 2 ⌦ : u(x) � M} [u  M ] [u > M ]

[u < M ]

*
?
*

A ,! B A B

C0(⌦) = {u : ⌦ ! R : u supp(u) ⇢ ⌦ }

Lp(⌦) =

⇢
u : ⌦ ! R :

Z

⌦

|u(x)|pdx < +1

�
, p 2 [1,+1)

L1(⌦) = {u : ⌦ ! R : c > 0 |u(x)|  c ⌦}

Ck(⌦) = {u : ⌦ ! R : u }

L1
loc
(⌦) =

⇢
u : ⌦ ! R :

Z

A

|u(x)|dx < +1, A ⇢⇢ ⌦

�
;

X 0 X



||·||⇤ X

I 2 X 0

||I||⇤ = sup{|I(x)| : x 2 X ||x||X  1}.

G(f) f



~ ⇠= 6, 62 · 10�34 m2
· kg · s�1

L

L

L



H 3

 0 2 L t = 0. t,

 (t) = Ut 0 Ut

 (t)

 (t) 2 DH DH H t = 0

i~d (t)
dt

= H( (t)),

~ i =
p
�1

i@t�+��+ � log |�|2 = 0

� : [0,1]⇥RN
! C N � 3

H(�) = �~(��+ � log |�|2).

� = ei!tu(x) u

��u+ !u = u log u2,

u 2 H1(RN) (2).

(2)

(3)

J(u) =
1

2

Z
|ru|2 +

! + 1

2

Z
|u|2 �

1

2

Z
G(u).



G : R ! R

G(s) =

8
><

>:

s2 log(s2), se s 6= 0

0, se s = 0.

Z
u2 log u2


a2

⇡
||ru||22 + (log ||u||22 � n(1 + a))||u||22

u 2 H1(RN) a > 0. J(u) > �1.

u 2 H1(RN)
R
u2 log u2 = �1.

u 2 H1(RN)

u(x) =

8
<

:
(|x|

N
2 log |x|)�1, |x| � 3,

0, |x|  2.

R
u2 log u2 = �1. N = 1,

R
R u

2 log u2 = �1.

u

����
Z 2

�2

u2 log u2dx

���� < 1.

u
Z 1

3

u2 log u2dx.

u

Z 1

3

u2 log u2dx =

Z 1

3

log x+ 2 · log(log x)

x(log x)2
dx.

y = log x, dy = 1
x
dx.

Z 1

3

u2 log u2dx = �

Z 1

log(3)

y + 2 · log(y)

y2
dy = �

✓Z 1

log(3)

1

y
dy +

Z 1

log(3)

2 · log(y)

y2
dy

◆
,

Z

R
u2 log u2dx = �1.

J C1 H1(RN)



W =

⇢
u 2 H1(RN) ;

Z
u2
| log u2

| < 1

�
.

||u||W = ||u||H1 + inf

⇢
� > 0 ;

Z
A

✓
|u|

�

◆
 1

�
,

A(s) = �s2 log s2 [0, ✏�3] A(s) = 3s2 + 4e�3s � e�6 [e�3,1).

J : W ! R C1.

Z
rurv + !

Z
uv =

Z
uv log u2; 8v 2 H1(RN),

v H1(RN)

Z
uv log u2dx < 1

Z
rurv + !

Z
uv =

Z
uv log u2; 8v 2 H1(RN) \ L1

c
(RN).

J



C2(RN).



1.1

X

d.

f : X ! R u 2 X.



|df |(u) � 2 [0,+1] � > 0

H : B(u, �)⇥ [0, �] ! X

d(H(v, t), v)  t,

f(H(v, t))  f(v)� �t.

|df |(u) f u.

(X, d) g : X ! R
k |dg|(x)  k

� � 0

H : B(u, �)⇥ [0, �] ! X

d(H(v, t), v)  t,

g(H(v, t))  g(v)� �t.

�t  g(v)� g(H(v, t))

) � 
g(v)� g(H(v, t))

t


k · d(v,H(v, t))

t

) � 
k · t

t
= k.

k � |dg|(x) �

|dg|(x)  k.

k

k

f : R ! R f(x) = |x|.

|df |(x) =

8
<

:
1, se x 6= 0

0, se x = 0.

x0

|df |(x0)  1 |df |(x0) � 1.



k

� = x0
8 H : B(x0, �)⇥ [0, �] ! R H(y, t) = y � t. H

d(H(y, t), y) = |y � t� y| = |t| = t

y 2 B(x0, �).

H

y 2 B(x0, �) t 2 [0, �] y = x0 + ✏ y = x0 � ✏

✏ 2 [0, �]. y = x0 + ✏

|y|� |y � t|

t
=

|x0 + ✏|� |x0 + ✏� t|

t
.

t < � = x0
8

x0 � t � 0.

|y|� |y � t|

t
=

x0 + ✏� (x0 + ✏� t)

t
=

t

t
� 1.

y = x0 � ✏ ✏, t 2 [0, x0
8 ]

x0 � ✏� t � 0

|y|� |y � t|

t
=

x0 � ✏� (x0 � ✏� t)

t
=

t

t
� 1.

1 
f(y)� f(H(y, t))

t

y 2 B(x, �) t 2 [0, �]

f(H(y, t))  f(y)� 1 · t.



|df |(x0) � 1 |df |(x0) = 1

x0 > 0.

|df |(x0) = 1 x0

|f 0(x)| = 1 = |df |(x)

x 6= 0

x � � 0

H �

v = 0 H

f(H(0, t))  f(0)� � · t )

� 
f(0)� f(H(0, t))

t
)

� 
|0|� |H(0, t)|

t
 0.

� = 0 |df |(0) = sup � = 0

0 0 0

f : X ! R U ⇢ X

u 2 U f |df |(u) = 0.

|df |(u) > 0 � 2 (0, |df |(0))

H : U ⇥ [0, �] ! R

d(x,H(x, t))  t

f(H(x, t))  f(x)� �t

x 2 U t 2 [0, �].

H(x, t) ! x, t ! 0.

x = u �1 > 0

f(u)  f(H(u, t)), 8t 2 [0, �1],



u f.

� 
f(x)� f(H(x, t))

t
x = u,

� 
f(u)� f(H(u, t))

t
 0, 8t 2 [0, �1].

0 �,

|df |(u)  0 ) |df |(u) = 0.

f : X ! R
f

D(f) = {x 2 X : f(u) < 1}

f

epi(f) = {(u, ⇠) 2 X ⇥ R; f(u)  ⇠}.

d((u, ⇠), (v, µ)) = (d(u, v))2 + |⇠ � µ|2)
1
2 .

f epi(f)

X⇥R. (u, ⇠) 2 epi(f). ((un, ⇠n))

2 epi(f)

(un, ⇠n) ! (u, ⇠),

epi(f)

d((un, ⇠n), (u, ⇠)) ! 0.

0  d(un, u)  d((un, ⇠n), (u, ⇠)) 0  |⇠n � ⇠|  d((un, ⇠n), (u, ⇠))

(d(un, u)) (|⇠n � ⇠|) 0

un ! u em X e ⇠n ! ⇠ em R.

(un, ⇠n) 2 epi(f)

f(un)  ⇠n, 8n 2 N

n ! 1 f

f(u)  lim inf f(un)  lim inf ⇠n = ⇠.

(u, ⇠) 2 epi(f). epi(f)



f : X ! R [ {+1} s.c.i.

Gf : epi(f) ! R
Gf (u, ⇠) = ⇠.

Gf

|Gf (u, ⇠)� Gf (v, µ)| = |⇠ � µ|

 1 · d((u, ⇠), (v, µ)).

Gf 1

|dGf |(u, ⇠)  1

(u, ⇠) 2 epi(f)

|dGf |(u, ⇠) |df |(u) f

f : X ! R u 2 X ⇠ 2 R.

|dGf |(u, f(u)) =

8
<

:

|df |(u)
p

1+(|df |(u))2
, se |df |(u) < 1

1, se |df |(u) = +1

|dGf |(u, ⇠) = 1, f(u) < ⇠.

|dGf |(u, f(u)) �

8
<

:

|df |(u)
p

1+(|df |(u))2
, se |df |(u) < 1

1, se |df |(u) = +1

|df(u)| = 0

0 < � < |df |(u) H : B(u, �) ⇥ [0, �] ! X

K : (B((u, f(u)), �) \ epi(f)) ⇥ [0, �] ! epi(f)

K((v, µ), t) =

✓
H

✓
v,

t
p
1 + �2

◆
, µ�

�
p
1 + �2

t

◆
.

K (b) H

f

✓
H

✓
v,

t
p
1 + �2

◆◆
 f(v)�

�
p
1 + �2

· t

 µ�
�

p
1 + �2

· t,



(v, µ) 2 epi(f) K((v, µ), t) 2 epi(f) K

H

d(K((v, µ), t), (v, µ)) =

 
d

✓
H

✓
v,

t
p
1 + �2

◆
, v

◆2

+

✓
µ�

�
p
1 + �2

t� µ

◆2
! 1

2



✓
t2

1 + �2
+

�2t2

1 + �2

◆ 1
2

= t.

Gf (K((v, µ), t))) = µ�
�t

p
1 + �2

= Gf (v, µ)�
�t

p
1 + �2

.

|dGf |(u, f(u)) �
�

p
1 + �2

.

(�n)

�n ! |df |(u).

|df |(u) < 1.

�n ! |df |(u).

f1 : R+
! R

f1(x) =
x

p
1 + x2

1.2

|dGf |(u, f(u)) �
�np
1 + �2

n

.

n ! 1

|dGf |(u, f(u)) �
|df |(u)p
1 + |df(u)2

.

|df |(u) = 1

�n ! 1

lim
x!1

f1(x) = 1.



�n (1.2) n ! 1

|dGf |(u, f(u)) � 1.

1.1

|dGf |(u, f(u)) 
|df |(u)p

1 + (|df |(u))2
.

|dGf |(u, f(u)) = 0,

0 < � < |dGf |(u, f(u))

K : B((u, f(u)), �)⇥ [0, �] ! epi(f)

f �0 > 0

�0  �
p
1� �2

d(v, u)2 + |f(v)� f(u)|2 < �2, 8v 2 B(u, �0).

H : B(u, �0)⇥ [0, �0] ! X

H(v, t) = K1

✓
(v, f(v)),

t
p
1� �2

◆
,

K1 K �0 > 0 H

H K1

H

d

✓
K

✓
(v, f(v)),

t
p
1� �2

◆
, (v, f(v))

◆2

= d

✓
K1

✓
(v, f(v)),

t
p
1� �2

◆
, v

◆2

+

����K2

✓
(v, f(v)),

t
p
1� �2

◆
� f(v)

����
2

.

d(H(v, t), v)2 = d

✓
K1

✓
(v, f(v)),

t
p
1� �2

◆
, v

◆2

= d

✓
K

✓
(v, f(v)),

t
p
1� �2

◆
, (v, f(v))

◆2

�

����K2

✓
(v, f(v)),

t
p
1� �2

◆
� f(v)

����
2

.

K

d(H(v, t), v)2 
t2

1� �2
�

����K2

✓
(v, f(v)),

t
p
1� �2

◆
� f(v)

����
2

.



K

Gf

✓
K(v, f(v)),

t
p
1� �2

◆
 f(v)�

�
p
1 + �2

t )

�
p
1 + �2

t  f(v)� Gf

✓
K(v, f(v)),

t
p
1� �2

◆
.

Gf

⇣
K(v, f(v)), tp

1��2

⌘
= K2

⇣
(v, f(v)), tp

1��2

⌘

�
p
1 + �2

t  f(v)�K2

✓
(v, f(v)),

t
p
1� �2

◆
.

d(H(v, t), v)2 
t2

1� �2
�

�2t2

1� �2
= t2.

(a) H

f(H(v, t)) = f

✓
K1

✓
(v, f(v)),

t
p
1� �2

◆◆

 K2

✓
(v, f(v)),

t
p
1� �2

◆

= Gf

✓
K

✓
(v, f(v)),

t
p
1� �2

◆◆

= Gf (v, f(v))�
�

p
1� �2

t

= f(v)�
�

p
1� �2

t.

Im(K) ⇢ epi(f) Gf

K |df |(u)

|df |(u) �
�

p
1� �2

.

(1.3)

|df |(u) �
|dGf |(u, f(u))p

1� (|dGf |(u, f(u)))2
.

|dGf |(u, f(u)) 
|df |(u)p

1 + (|df |(u)2)
.

|df |(u) < +1. |df |(u) < 1

|dGf |(u, f(u)) =
|df |(u)p

1 + (|df |(u)2)
.



f(u) < ⇠ � > 0

µ � f(v) + �

(v, µ) 2 B((u, ⇠), �).

((vn, µn))

d((vn, µn), (u, ⇠)) <
1

n

µn < f(vn) +
1

n
.

(1.5)

vn ! u em X e

µn ! ⇠ em R.

1.6 f

⇠  f(u),

� > 0 µ � f(v) + �

(v, µ) 2 B((u, ⇠), �).

H : B((u, ⇠), �)⇥ [0, �] ! epi(f)

H((v, µ), t) = (v, µ� t).

H

f(v) + t  f(v) + �  µ )

f(v)  µ� t ) (v, µ� t) 2 epi(f).

d(H((v, µ), t), (v, µ)) = d((v, µ� t), (v, µ))  t.

H (a)

Gf (H(v, µ), t) = Gf (v, µ� t) = µ� t = Gf (v, µ)� 1 · t.



H

(u, ⇠) 2 epi(f),

|dGf |(u, ⇠) � 1 )

|dGf |(u, ⇠) = 1.

|dGf |(u, ⇠)  1

f

|df |(u) Gf

|dGf |(u, f(u)) =
|df |(u)p

1 + (|df |(u))2

(|dGf |(u, f(u)))
2
· (1 + (|df |(u))2) = (|df |(u))2

(|dGf |(u, f(u)))
2 + (|dGf |(u, f(u)))

2
· (|df |(u))2 = (|df |(u))2

(|dGf |(u, f(u)))
2 = (|df |(u))2 � (|dGf |(u, f(u)))

2
· (|df |(u))2

(|dGf |(u, f(u)))
2 = (1� (|dGf |(u, f(u)))

2) · (|df |(u))2

(|dGf |(u, f(u)))2

(1� (|dGf |(u, f(u)))2)
= (|df |(u))2

|df |(u) =
|dGf |(u, f(u))p

1� (|dGf |(u, f(u)))2
.

f u 2 X

|df |(u) < 1

|df |(u) =
|dGf |(u, f(u))p

1� (|dGf |(u, f(u)))2
.

f

Gf f

s.c.i. epi(f) Gf

s.c.i. Gf

X f : X ! R

D(f) := {u 2 X|f(u) < 1}

f b := {u 2 X|f(u)  b}.



f : X ! R b 2 R
D(f) f b

f : X ! R u 2 D(f).

|df |(u) =

8
<

:

|dGf |(u,f(u))p
1�(|dGf |(u,f(u)))2

, se |dGf |(u, f(u)) < 1

+1, se |dGf |(u, f(u)) = 1

|df |(u)

f : X ! R s.c.i. u 2 D(f).

� > 0 b > f(u), � > 0

H : (B(u, �) \ f b)⇥ [0, �] ! X

d(H(v, t), v)  t,

f(H(v, t))  f(v)� �t.

|df |(u) � �.

|dGf |(u, f(u)) = 1

|df |(u) = 1 � > 0.

|dGf |(u, f(u)) < 1.

�0 2 (0, �]

µ  b

(v, µ) 2 B((u, f(u)), �0)

K : (B((u, f(u)), �0) \ epi(f))⇥ [0, �0] ! epi(f)

K((v, µ), t) =

✓
H

✓
v,

t
p
1 + �2

◆
, µ�

�
p
1 + �2

· t

◆
.



K K((v, µ), t) 2 epi(f) K (a)

(b)

d(K((v, µ), t), (v, µ))  t,

Gf (K((v, µ), t)) = Gf (v, µ)�
�

p
1 + �2

· t.

K K

|dGf |(u, f(u)) �
�

p
1 + �2

.

�2


(|dGf |(u, f(u)))2

1 + (|dGf |(u, f(u)))2
= (|df |(u))2 )

�  |df |(u).

s.c.i.

f : X ! R u 2 D(f).

(uk, f(uk)) ! (u, f(u)) em G(f),

|df |(u)  lim inf
k

|df |(uk).

f

|df |(u) = 0

|df(u)| > 0 � 2 (0, |df |(u)) H : B(u, �)⇥ [0, �] ! X

uk ! u uk 2 B(u, �

2) k

H1 = H|
B(uk,

�
2 )⇥[0, �2 ]

. H1

(a) (b)

|df |(uk) � �.

�

|df |(uk) � |df |(u),



|df |(u) � (1.8) |df |(uk)

k

|df |(u)  lim inf
k

|df |(uk).

|df | f

Gf

|dGf |(u)  lim inf
k

|dGf |(uk).

f1 : [0, 1) ! R

f1(x) =
x

(1� x)
1
2

|dGf |(u)p
1� |dGf |(u)

 lim inf
k

|dGf |(uk)p
1� |dGf |(uk)

)

|df |(u)  lim inf
k

|df |(uk).

f0 : X ! R f1 : X ! R
f = f0 + f1 u 2 D(f0)

lim
r!0+

✓
sup

⇢
|f1(v)� f1(w)|

d(v, w)
; v, w 2 B(u, r), v 6= w

�◆
= 0.

⇠ � f(u),

|dGf |(u, ⇠) = |dGf0 |(u, ⇠ � f1(u)).

|df |(u) = |df0|(u).

⇠ � f(u),

|dGf |(u, ⇠) � |dGf0 |(u, ⇠ � f1(u)).

|dGf0 |(u, ⇠ � f1(u)) = 0,

� 2 (0, |dGf0 |(u, ⇠ � f1(u))). ⇠ > 0

H : B((u, ⇠ � f1(w)), �)⇥ [0, �] ! epi(f0)



f1
✏ B(u, 2�)

�0 2 (0, �]

(v, µ� f1(v)) 2 B((u, ⇠ � f1(u)), �)

(v, µ) 2 B((u, ⇠), �)

K : B((u, ⇠), �0)⇥ [0, �0] ! epi(f)

K((v, µ), t) =

✓
H1

✓
(v, u� f1(v)),

t

1 + ✏

◆
, H2

✓
(v, u� f1(v)),

t

1 + ✏

◆
+ f1

✓
H1

✓
(v, u� f1(v)),

t

1 + ✏

◆◆◆
.

K

f

✓
H1

✓
(v, u� f1(v)),

t

1 + ✏

◆◆
= f0

✓
H1

✓
(v, u� f1(v)),

t

1 + ✏

◆◆

+ f1

✓
H1

✓
(v, u� f1(v)),

t

1 + ✏

◆◆
.

Im(H) ⇢ epi(f0),

f0

✓
H1

✓
(v, u� f1(v)),

t

1 + ✏

◆◆
 H2

✓
(v, u� f1(v)),

t

1 + ✏

◆
.

f

✓
H1

✓
(v, u� f1(v)),

t

1 + ✏

◆
 H2

✓
(v, u� f1(v)),

t

1 + ✏

◆
+ f1

✓
H1

✓
(v, u� f1(v)),

t

1 + ✏

◆◆

K((v, µ), t) K((v, µ), t)

f.

d(K((v,�+f1(v)), 1+✏s), (v,�+f1(v))) = d(H((v,�), s), (v,�+f1(v)�f1(H1((v,�), s)))).

d(H((v,�), s), (v,�+ f1(v)� f1(H1((v,�), s))))  d(H((v,�), s), (v,�)) + |f1(H1((v,�), s))� f1(v)|

 s+ ✏ · d(H1((v,�), s), v)  s+ ✏ · s = (1 + ✏)s.



Gf (K((v, µ), t)) = H2

✓
(v, µ� f1(v)),

t

1 + ✏

◆
+ f1

✓
H1

✓
(v, µ� f1(v)),

t

1 + ✏

◆◆

= Gf

✓
H

✓
(v, µ� f1(v)) ,

t

1 + ✏

◆◆
+ f1

✓
H1

✓
(v, µ� f1(v)),

t

1 + ✏

◆◆

= µ� f1(v)� � ·
t

1 + ✏
+ f1

✓
H1

✓
(v, µ� f1(v)),

t

1 + ✏

◆◆

= Gf (v, µ)� � ·
t

1 + ✏
+ f1

✓
H1

✓
(v, µ� f1(v)),

t

1 + ✏

◆◆
� f1(v)

= Gf (v, µ)� � ·
t

1 + ✏
+ ✏ · d

✓
H1

✓
(v, µ� f1(v)),

t

1 + ✏

◆
, v

◆

 Gf (v, µ))� � ·
t

1 + ✏
+ ✏ · d

✓
H

✓
(v, µ� f1(v)),

t

1 + ✏

◆
, (v, µ� f1(v))

◆

 Gf (v, µ)� � ·
t

1 + ✏
+ ✏ ·

t

1 + ✏

= Gf (v, µ)�

✓
�

1 + ✏
�

✏

1 + ✏

◆
t.

f1 H

|dGf |(u, ⇠) �
�

1 + ✏
�

✏

1 + ✏
✏ > 0 ✏! 0

|dGf |(u, ⇠) � � )

|dGf |(u, ⇠) � |dGf0 |(u, ⇠ � f1(u)).

f0 f f1 (�f1).

X d



u

f : X ! R u 2 D(f).

|rf |(u) =

8
<

:
lim sup f(u)�f(v)

d(u,v) , se

0, se

|rf |(u) f u.

f : X ! R |df |(u)  |rf |(u)

u 2 X.

f

u 2 X

u

|df |(u) = 0

� 2 (0, |df |(u)) H : U ⇥ [0, �] ! R

d(x,H(x, t))  t

f(H(x, t))  f(x)� �t

x 2 U t 2 [0, �].

� 
f(x)� f(H(x, t))

t

� 
f(x)� f(H(x, t))

t


f(x)� f(H(x, t))

d(x,H(x, t))
 lim sup

f(u)� f(v)

d(u, v)
= |rf |(u).

|df |(u) = 0. |df |(u)  |rf |(u).

X A ⇢ X f : A ! R
u 2 D(f) @�f(u)

↵ X 0

lim inf
v!u

f(v)� f(u)� h↵, v � ui

||v � u||
� 0.

@�f(u) f u.



f : R ! R @�f(0)

↵ 2 @�f(0),

lim inf
v!0

f(v)� f(0)� h↵, v � 0i

|v � 0|
� 0 ,

lim inf
v!0

|v|� ↵ · v

|v|
� 0 ,

lim inf
v!0

✓
1� ↵

v

|v|

◆
� 0 ,

↵ 2 [�1, 1].

@�f(0) = [�1, 1].

f : X ! R x 2 D(f). ↵ 2 X 0

f x

h↵, x� xi  f(x)� f(x)

x 2 X. f

x f x @f(x).

@f(x) = ; f(x) /2 R.

f

A ⇢ X f : X ! R u 2 D(f).

g : A ! R u

@�(f + g)(u) = {↵ + dg(u)|↵ 2 @�f(u)}.

↵ 2 @�f, w 2 X

h↵, wi  lim inf
t!0+

f(u+ tw)� f(u)

t
;

A f @�f(u)

↵ 2 @�f, |rf |(u)  ||↵||;

@�f(u) X
0



� 2 @�(f + g)(u) � = � � dg(u) + dg(u)

lim inf
v!u

(f + g)(v)� (f + g)(u)� h�, v � ui

||v � u||
� 0 )

lim inf
v!u

f(v)� f(u)� h� � dg(u), v � ui

||v � u||
+

g(v)� g(u)� hdg(u), v � ui

||v � u||
� 0.

lim
v!u

g(v)� g(u)� hdg(u), v � ui

||v � u||
= 0,

g u

lim inf
v!u

f(v)� f(u)� h� � dg(u), v � ui

||v � u||
� 0.

��dg(u) 2 @�f(u). @�(f+g)(u) ⇢ {↵+dg(u)|↵ 2 @�f(u)}

@�(f + g)(u) = {↵ + dg(u)|↵ 2 @�f(u)}.

v = u+ tw

lim inf
v!u

f(v)� f(u)� h↵, v � ui

||v � u||
= lim inf

t!0+

f(u+ tw)� f(u)� h↵, twi

||tw||
� 0.

h↵, twi

||tw||
=

h↵, wi

||w||
,

t � 0 ↵

h↵, wi

||w||
 lim inf

t!0+

f(u+ tw)� f(u)

||tw||
.

h↵, wi  lim inf
t!0+

||w|| ·
f(u+ tw)� f(u)

||tw||
= lim inf

t!0+

f(u+ tw)� f(u)

t
.

↵ 2 @f(u)

h↵, u� vi  f(u)� f(v).

v 2 A.

0  f(u)� f(v)� h↵, u� vi,



v 2 A.

lim inf
v!u

f(v)� f(u)� h↵, v � ui

||v � u||
� 0.

↵ 2 @�f(u). @f(u) ⇢ @�f(u)

↵ 2 @�f(u).

lim inf
v!u

f(v)� f(u)� h↵, v � ui

||v � u||
� 0.

� > 0

f(v)� f(u)� h↵, v � ui

||v � u||
� 0

v 2 B(u, �) ⇢ A. w 2 A A

[u, w] A v = tu+ (1� t)w t > 0

v 2 B(u, �).

f(v)� f(u)� h↵, v � ui

||v � u||
� 0 )

h↵, tu+ (1� t)w � ui  f(tu+ (1� t)w)� f(u).

f

h↵, (1�t)(w�u)i  f(tu+(1�t)w)�f(u)  tf(u)+(1�t)f(w)�f(u) = (1�t)(f(w)�f(u)) )

h↵, w � ui  f(w)� f(u).

w 2 A, ↵ 2 @f(u). @�f(u) ⇢ @f(u).

@�f(u) = @f(u)

↵ 2 @�f.

||↵|| = lim sup
h↵, u� vi

||u� v||

lim inf
v!u

f(v)� f(u)� h↵, v � ui

||v � u||
� 0.

lim inf
v!u

f(v)� f(u)

||v � u||
� lim sup

v!u

h↵, v � ui

||v � u||
� 0.

|rf |(u) = lim sup
v!u

f(v)� f(u)

||v � u||
 ||↵||.



@�f(u)

↵ 2 @�f(u) (↵n) @�f(u)

↵n ! ↵

X
0

lim inf
v!u

f(v)� f(u)� h↵, v � ui

||v � u||
= lim inf

v!u

f(v)� f(u)� h↵n, v � ui

||v � u||
�

h↵� ↵n, u� vi

||u� v||
.

� lim inf
v!u

f(v)� f(u)� h↵n, v � ui

||v � u||
� lim sup

v!u

h↵� ↵n, u� vi

||u� v||
.

↵n ! ↵

lim sup
n!1

h↵� ↵n, u� vi

||u� v||
= 0.

n0 2 N n > n0

����lim sup
v!u

h↵� ↵n, u� vi

||u� v||

���� < ✏.

lim inf
v!u

f(v)� f(u)� h↵, v � ui

||v � u||
� lim inf

v!u

f(v)� f(u)� h↵n, v � ui

||v � u||
� lim sup

v!u

h↵� ↵n, u� vi

||u� v||
� �✏.

✏ > 0

lim inf
v!u

f(v)� f(u)� h↵, v � ui

||v � u||
� 0.

↵ 2 @�f(u). @�f(u)

@�f(u) ↵, � 2 @�f(u)

[↵, �] ⇢ @�f(u) w = t↵ + (1� t)� 2 [↵, �].

lim inf
v!u

f(v)� f(u)� ht↵ + (1� t)�, v � ui

||v � u||
= t lim inf

v!u

f(v)� f(u)� h↵, v � ui

||v � u||

+ (1� t) lim inf
v!u

f(v)� f(u)� h�, v � ui

||v � u||
� 0.

w 2 @�f(u). [↵, �] ⇢ @�f(u) @�f(u)



X ⇠ : X ! R s.c.i.

⇠(0) = 0

⇠(x) � �||x||

x 2 X z 2 X 0
||z||  1

⇠(x) �< z, x >

x 2 X.

X ⇥ R

A = {(x, t) : ||x|| < �t} B = {(x, t) ; ⇠(x)  t}.

A B B = epi(⇠) A

A \ B = ; ⇠(x) � �||x||.

A B ↵, � 2 R w 2 X 0

hw, xi � ↵t� � � 0, 8(x, t) 2 A,

hw, xi � ↵t� �  0, 8(x, t) 2 B.

(0, 0) 2 A \ B, � = 0. t = �||x||

hw, xi � �↵||x|| ) ↵ �
hw,�xi

||� x||
.

x 2 X.

↵ � sup
x2X

hw,�xi

||� x||
= ||w||

↵ � 0 ||w||  ↵. ↵ = 0 w = 0

↵ > 0

z = w

↵

t = ⇠(x) ||z||  1

hz, xi  t = ⇠(x).

A ⇢ X X

f0 : A ! R f1 : A ! R C1(A)

f = f0 + f1.



|df |(u) = |rf |(u) u 2 D(f).

|df |(u) < +1 @�f(u) 6= ;. u 2 D(f).

|df |(u) = min{||↵|| ; ↵ 2 @�f(u)}.

@�f0(u)

@�f(u) = {↵ + df1(u);↵ 2 @�f0(u)},

@�f(u)

@�f(u) 6= ;

min{||↵|| ; ↵ 2 @�f(u)}.

@�f(u) 6= ; ) |df |(u)  |rf |(u)  min{||↵|| | ↵ 2 @�f(u)}.

0 /2 @�f(u) � > 0

↵ 2 @�f(u) ) ||↵|| > �

@�f(u)

w 2 A

f(w) < f(u)� �||w � u||.

⇠(x) =
f(x+ u)� f(u)

�
.

f ⇠

z 2 X 0
||z||  1

⇠(x) � hz, xi

x 2 X.

lim inf
x!0

f(x+ u)� f(u)� h�z, xi

||x||
� 0.

�z 2 @�f(u). �,

||�z|| > � ) ||z|| > 1.



||z||  1. y 2 X

⇠(y) < hz, yi.

w1 2 A

⇠(w1) < �||w1||.

f(w1 + u)� f(u)

�
< �||w1||

) f(w1 + u)� f(u) < ��||w1||.

w = w1 + u

f(w)� f(u) < ��||w � u||.

f � > 0

f(w) < f(v)� �||w � v||,

v 2 B(u, �) � w /2 B(u, 2�).

H : B(u, �)⇥ [0, �] ! X

H(v, t) = v + t
w � v

||w � v||
.

w B(u, �) H

0 
t

||w � v||
 1 ) f(H(v, t))  f(v) +

t

||w � v||
(f(w)� f(v))

 f(v)� �t.

|df |(u) |df |(u) � �

• @�f(u) = ; ) |df |(u) = 1

• @�f(u) 6= ; ) |df | � min{||↵||;↵ 2 @�f(u)}.

|df |(u) � min{||↵|| ;↵ 2 @�f(u)}.

|df |(u)  |rf |(u)  min{||↵|| ;↵ 2 @�f(u)},

|df |(u) = |rf |(u) = min{||↵|| ; ↵ 2 @�f(u)}.



A ⇢ X

f : A ! R

|df |(u) = ||f 0(u)||

f 0(u) f u.

f0 = 0 f1 = f f

u

@�f(u) = {f 0(u)} 6= ;.

|df |(u) < +1

|df |(u) = min{||↵|| ; ↵ 2 @�f(u)} = min{||f 0(u)||} = ||f 0(u)||.

f : R ! R

@�f(0) = [�1, 1].

min{||↵|| ; ↵ 2 @�f(u)} = 0.

|df |(0) = 0

|df |(0) = min{||↵|| ; ↵ 2 @�f(u)}.

A ⇢ X f

u 2 A.

f �(u;w) = lim sup
v!u
t!0+

f(v + tw)� f(v)

t
,

@f(u) = {↵ 2 X 0; f �(u;w) � h↵, wi; 8w 2 X}.



@f(u) 6= ;

X A ⇢ X f : X ! R
u 2 A,

|df |(u) � min{||↵|| ; ↵ 2 @f(u)}.

min{||↵||;↵ 2 @f(u)} = 0,

0 < � < min{||↵|| ; ↵ 2 @f(u)}.

f �(u, ·)

⇠(x) = 1
�
f �(u; x)

w 2 X

f �(u;w) < ��||w||.

f �(u; ·), ||w|| = 1. � > 0

B(u, 2�) ⇢ A

f(v + tw)  f(v)� �t

v 2 B(u, �) t 2 [0, �]. H : B(u, �) ⇥ [0, �] ! A

H(v, t) = v + tw,

|df |(u) � �.

(�n)

0 < �n < min{||↵|| ; ↵ 2 @f(u)}

�n ! min{||↵|| ; ↵ 2 @f(u)}. n ! 1,

|df |(u) � �n ) |df |(u) � min{||↵||; ↵ 2 @f(u)}.

X

G H

G



G X

⇡ : G⇥X ! X, gx := ⇡(g, x),

1x = x e h(kx) = (hk)x,

h, k 2 G x 2 X.

X G

X G1 = {e}

X G1� ⇢ : H ⇥X ! X ⇢(e, x) = x.

X G = Z2.

⇡ : G⇥X ! X

⇡(1, x) = x e ⇡(�1, x) = �x

X

G · : G ⇥X ! X

O(x) = {g · x | g 2 G}

x

G X, Y G�

f : X ! Y

f(gx) = gf(x)

g 2 G x 2 X.

X Z2

X X g : X ! X

f(1x) = f(x) = 1f(x)

f(�1x) = f(�x) = �f(x) = �1f(x).



X G

E

Fix(G) = {u 2 E | g · u = u g 2 G }.

X G G�

f : X ! Y

f(gx) = f(x)

g 2 G x 2 X.

X Z2

X X g : X ! X

f(1x) = f(x)

f(�1x) = f(�x) = f(x).

X G� U ⇢ X

gx 2 U g 2 G.

X Z2

U ⇢ X V = U [ (�U)

G

(x, y) 2 G⇥G ! xy�1
2 G

p : G⇥G ! G i : G ! G

p(x, y) = xy i(x) = x�1

GL(n,R) n ⇥ n

f : GL(n,R) ! GL(n,R) f(A,B) = A · B

g : GL(n,R) ! GL(n,R) g(A) = A�1

f

R. g



O(n) = {A 2 GL(n,R) ; A · At = I}

GL(n,R) O(n)

GL(n,R) s(n,R) = {A 2 M(n,R) ; A = At
}

n

dim s(n,R) = n

2 (n+ 1) f : M(n,R) ! s(n,R)

f(A) = A · At.

A 2 M(n,R)

(A · At)t = (At)t · At = A · At.

A · At
2 s(n,R) f

O(n) f,

O(n) = f�1(I).

f X, Y 2 M(n,R).

@f

@X
(Y ) = lim

r!0

f(X + rY )� f(X)

r

= lim
r!0

(X + rY )(X + rY )t �XX t

r

= lim
r!0

XX t + rXY t + rY X t + r2Y Y t
�XX t

r
= XY t + Y X t.

I X 2 O(n) S 2 s(n,R) Y = SX

2 2 M(n,R)

@f

@X
(Y ) = X

✓
SX

2

◆t

+
SX

2
X t =

St

2
+

S

2
= S,

@f

@X
(Y ) X 2 f�1(I) = O(n). I

f O(n) C1. O(n)

GL(n,R)

GL(n,R) O(n) O(n)

Z2 = {�1, 1}

Z2
⇠= O(2).



f

f

X G G

G d

X

f : X ! R u 2 X.

|dGf |(u) � [0,1)

U u H : U ⇥ [0, �] ! X

d(H(v, t), v)  t,

f(H(v, t))  f(v)� �t

H(·, t) |dGf |(u)

f u

G

G

f : X ! R
|dGf | : X ! [0,1] s.c.i.

|dGf |

g 2 G

|df |(g · u) = |df |(u).

� > 0 U

u H : U ⇥ [0, �] ! X, � > 0,



d(H(v, t), v)  t

f(H(v, t))  f(v)� �t;

H(g · v, t) = g ·H(v, t).

g 2 G, v 2 U t 2 [0, �].

U1 = g · U ⇢ U U H1 = H|U1 .

d(H1(g · v, t), g · v)  t,

g · v 2 g · U = U1.

f(H(g · v, t))  f(g · v)� �t

g · v 2 g · U. H1 H

H1

|dGf |(g · u)  |dGf |(u).

|df |(gu)

g�1 g

|dGf |

(1.13)

f : X ! R G1

G |dGf |(u)  |dG1 |f(u) u 2 X.

|dGf |(u) = 0

0 < � < |dGf |(u) U

u H : U ⇥ [0, �] ! X

d(H(v, t), v)  t,

f(H(v, t))  f(v)� �t

H(·, t) G G1 G H(·, t) U G1

H

G1

�  |dG1f |(u).



|dG1f |(u) �

|dGf |(u)  |dG1 |f(u).

|df |(u) = |dG1f |(u)

G1 = {e}

G D(f) epi(f)

f : X ! R
f

D(f) = {u 2 X ; f(u) < 1}

epi(f) = {(u, ⇠) 2 X ⇥ R ; f(u)  ⇠}

d((u, ⇠), (v, µ)) = (d(u, v)2 + |⇠ � µ|2)
1
2 .

X epi(f)

G�

· : G⇥ epi(f) ! epi(f)

g · (u, ⇠) = (g · u, ⇠).

g · u g u X.

f Gf

Gf (g · (u, ⇠)) = Gf ((g · u, ⇠)) = ⇠ = Gf (u, ⇠).

f : X ! R u 2 X

R.



|dGGf |(u, f(u)) =

8
<

:

|dGf |(u)
p

1+(|dGf |(u))2
, se |dGf |(u) < 1

1, se |dGf |(u) = 1,

|dGGf |(u, ⇠) = 1, f(u) < ⇠.

f : X ! R u 2 D(f).

|dGf |(u) =

8
<

:

|dGGf |(u,f(u))p
1�(|dGGf |(u,f(u)))2

, se |dGGf |(u, f(u)) < 1

+1, se |dGGf |(u, f(u)) = 1.



X G d

X

f : X ! R s.c.i.

O ⇢ D(f)

|dGf |(u) = 0

u 2 O.



f : X ! R s.c.i. c 2 R
f G c G� (PS)c

(un) D(f)

|dGf |(un) ! 0 f(un) ! c

(un) X.

f (PS)c f

G1 � (PS)c G1 = {e}.

f : X ! R c 2 R f

G� (PS)c, Gf

(xn, ⇠n) (PS)c Gf .

Gf (xn, ⇠n) = c |dGf |(xn, ⇠n) ! 0

Gf (xn, ⇠n) = ⇠n (xn, ⇠n) = (xn, c).

g : R+
\ {1} ! R g(x) = xp

1�x2

|dGf |(un, c) ! 0 ) |df |(un) = g(|dGf |(un, c)) ! 0,

(un) (PS)c f.

f (PS)c, (unk
)

((unk
, c)) ((un, c)) Gf

(PS)c

c 2 R,

Kc := {u 2 D(f) ; |dGf |(u) = 0, f(u) = c} e

f c := {u 2 X ; f(u)  c}.

X

G X G�



X G�

f c 2 R. f G� (PS)c.

✏ > 0 U Kc Kc = ; U = ; � > 0

✏ > 0 ⌘ : X ⇥ [0, 1] ! X

d(⌘(u, t), u)  �t;

f(⌘(u, t))  f(u);

f(u) /2 (c� ✏, c+ ✏) ) ⌘(u, t) = u;

⌘(f c+✏
\ U, 1) ⇢ f c�✏;

⌘(·, t) t 2 [0, 1]

X f 2 C1(X,R)
c 2 R. f (PS)c. ✏ > 0 ✏ > 0

⌘ 2 C(X ⇥ [0, 1], X)

⌘(u, 0) = u, u 2 X;

f(u) /2 [c� 2✏, c+ 2✏] ) ⌘(t, u) = u

⌘(f c+✏, 1) = f c�✏;

⌘(·, t) : X ! X

C1. f

X = {(x, y) 2 R2 : y � |x|}[ ({0}⇥ (�1, 0]) f : X ! R

f(x, y) = �y.

f f (PS)c
c 2 R, (xn, yn) (PS)c,

f(xn, yn) = �yn ! c.



(yn) �c d

(xn, yn) 2 X,

|xn| < yn < d.

(xn) R
(xn) (xnk

) x0.

(xnk
, ynk

) ! (x0,�c).

f (PS)c c 2 R f

U

f ✏

f�✏ ✏ > 0.

f
�✏

f
✏

f�✏ f ✏ R2.

f ✏

f�✏ f ✏
\ {(0, 0)}

f�✏

⌘ f



Y

Y {Vj,� | j 2 N,� 2 ⇤j}

� 6= µ ) Vj,� \ Vj,µ = ;.

{U↵}↵2A Y.

{U↵} Bi

⇤ = {↵0,↵1, · · · ,↵i} A.

{↵↵}↵2A supt�↵ ⇢ U↵ ⇤ 2 Bi

Gi⇤ = {x 2 Y | �↵(x) > 0 se ↵ 2 ⇤ e ��(x) < �↵(x) se ↵ 2 ⇤ e � /2 ⇤}.

x 2 X �↵ Gi⇤

⇤ 6= ⇤0
) Gi⇤ \Gi⇤0 6= ;.

Gi⇤ ⇢
T

↵2⇤ U↵, {Gi⇤} {U↵}. x0 2 Y,

↵i1 ,↵i2 , · · · ,↵im �↵ij
(x0) > 0.

⇤ = {↵i1 ,↵i2 , · · · ,↵im}.

x0 2 G(m�1)⇤ {Gi⇤} Y. O

x0 {↵ 2 A | U↵ \ ✓ 6= ;} A0

Gi⇤ = ; ⇤ ⇢ A0

{Gi⇤}

{Uj,�}

K G� X G

{Vj,�} {Uj,�}

{Vj,�}

g · Vj,� = Vj,�; 8g 2 G

{Vj,�}

U = {Uj,�} K

g · U = {gUj,� | Uj,� 2 U}



gU g · x0 2 gU x0 2 U

�0 > 0 B(x0, �0) ⇢ U g · B(x0, �0) ⇢ gU G

X g · B(x0, �0) = B(g · x0, �0)

g · x0 2 int(gU) gU

\

g2G

gU := {Vj,�}

{Vj,�}

K.

{Vj,�} {Uj,�}

{�j�}

{Vj,�}.

�0
j,�

=
1

|G|

X

g

�g·Vj,�
(g · x)

X

Vj,�

�0
j,�
(x) =

1

|G|

X

g

X

Vj,�

�g·Vj,�
(g · x) =

1

|G|

X

g

1 = 1,

{�j�}

�0
j,�
(h · x) =

1

|G|

X

g

�gVj,�
(gh · x) =

1

|G|

X

g0

�g0Vi,�
(g0 · x)

= �0
j,�
(x).

'h : G ! G 'h(g) = gh

{�0
j�
} {Vj,�}

{Vj,�}

� : X ! R+

|dGf |(u) 6= 0 ) |dGf |(u) > �(u).

⌘ : X ⇥ R+
! X ⌧ : X ! R+

u 2 X t 2 R+,

d(⌘(u, t), u)  t



f(⌘(u, t))  f(u);

t  ⌧(u) ) f(⌘(u, t))  f(u)� �(u)t

|dGf |(u) 6= 0 ) ⌧(u) > 0

⌘(·, t) t 2 R+

|dGf | u |dGf |(u) 6= 0

�u > 0

B(u, �u) ⇢ {v 2 X | |df |(v) 6= 0}.

sup
v2B(u,�u)

�(v) < |df |(u).

�u

Hu : B(u, �u)⇥ [0, �u] ! X

d(Hu(v, t); v)  t;

f(Hu(v, t))  f(v)�
�
sup

v2B(u,�u) �(v)
�
· t.

Hu(·, t)

{B
�
u, �u2

�
| |df |(u) 6= 0}

V := {u 2 X | |df |(u) 6= 0}

� = {Vj,� | j 2 N,� 2 ⇤j}.

{Vk,� | j 2 N;� 2 ⇤j}

{�j,� | j 2 N,� 2 ⇤j}

{Vj,�}. V j,� X W

�j,� X 0 W

�j,� = �uj,�
Hj,� = Huj,�

(j,�) Vj,� ⇢ B�j,�
. ⌧

⌧(x) =

8
<

:

1
4 min{�j,� | u 2 V j,�}, se |dGf |(u) 6= 0

0, se |dGf |(u) = 0.

un ! u. |df |(u) = 0,

0  |dGf |(un) ) |dGf |(u)  |dGf |(un) )



|dGf |(u)  lim inf |dGf |(un).

|dGf |(u) 6= 0, u 2 Vj,� un 2 Vj,� n

Vj,� u

{�j,� | u 2 Vj,�} ⇢ {�j,� | un 2 Vj,�}

n

1

4
min{�j,� | u 2 Vj,�} 

1

4
min{�j,� | un 2 Vj,�}.

|df | |df |(un) 6= 0 n

⌧(u)  ⌧(un) )

⌧(u)  lim inf ⌧(un).

⌧(u) ⌧ : X ! R+

⌧(u) = inf{d(u, v) + ⌧(v) |v 2 X}.

⌧ G.

⌧(g · u) = inf{d(gu, v) + ⌧(v) | v 2 X} = inf{d(gu, gv) + ⌧(gv) | v 2 X}

 g : X ! X  g(x) = g · x y 2 X

 g(g
�1

· x) = g · (g�1
· y) = y.

d(gu, gv) = d(u, v),

{Vj,�} ⌧(gx) = ⌧(x).

⌧(g · u) = inf{d(gu, gv) + ⌧(gv) | v 2 X} = inf{d(u, v) + ⌧(v) | v 2 X} = ⌧(u).

⌧

⌧ un ! u X

⌧(un) = inf{d(un, v) + ⌧(v) |v 2 X}  d(un, v) + ⌧(v)

v 2 X.

lim sup ⌧(un)  lim sup(d(un, v) + ⌧(v))

) lim sup ⌧(un)  d(u, v) + ⌧(v); 8v 2 X

) lim sup ⌧(un)  ⌧(u).



|dGf |(u)

Vj,� |dGf |(v) 6= 0 v 2 Vj,�.

⌧(un) 6= 0; 8un 2 Vj,�

n n0 2 N un 2 Vj,�

u

{�j,� | u 2 Vj,�} ⇢ {�j,� | un 2 Vj,�}

) min{�j,� | un 2 Vj,�}  min{�j,� | u 2 Vj,�}

) ⌧(un)  ⌧(u)

lim sup ⌧(un)  ⌧(u).

⌧ un ! u,

⌧(u)  lim inf ⌧(un),

⌧(un) ! ⌧(u).

|d(un, v) + ⌧(un)� d(u, v)� ⌧(u)|  d(un, u) + |⌧(un)� ⌧(u)|,

✏ > 0 n0 2 N

n > n0 ) |d(un, v) + ⌧(un)� d(u, v)� ⌧(u)| < ✏,

v 2 X.

d(u, v) + ⌧(v)  d(un, v) + ⌧(un) + ✏)

⌧(u)  d(un, v) + ⌧(un) + ✏)

⌧(u)  ⌧(un) + ✏)

⌧(u)  lim inf ⌧(un) + ✏.

✏ > 0.

⌧(u)  lim inf ⌧(un).

lim sup ⌧(un)  ⌧(u)  lim inf ⌧(un) ) ⌧(un) ! ⌧(u)

|dGf |(u) 6= 0.

|df |(u) = 0.

0 = ⌧(u)  ⌧(un) ) lim inf ⌧(un) )



lim sup ⌧(un)  ⌧(u)  lim inf ⌧(un) ) ⌧(un) ! ⌧(u).

⌧

⌧.

|dGf |(v) = 0 ) ⌧(v) = 0

|dGf |(v) 6= 0 ) 0 < ⌧(v) 
1

4
min{�j,� | v 2 V j,�} <

1

2
min{�j,� | v 2 Vj,�}

⌘h : {(v, t) 2 X ⇥ [0,1] | t  ⌧(v)} ! X

A1 d(⌘h(v, t), v) 
⇣P

h

j=1

P
�2⇤j

�j,�(v)
⌘
t

B1 f(⌘h(v, t))  f(v)� �(v)
⇣P

h

j=1

P
�2⇤j

�j,�(v)
⌘
t

C1 ⌘h(·, t)

⌘1(v, t) =

8
<

:
H1,�(v,�1,�(v)t), se v 2 V1,�

v, se v /2
S

�2⇤1
V1,�.

⌘1 (A1), (B1) (C1)

A1

v /2
[

�2⇤1

V1,� ) d(⌘1(v, t), v) = d(v, v) = 0  �1,�(v)t.

v 2

[

�2⇤1

V1,� ) d(⌘1(v, t), v) = d(H1,�(v,�1,�(v)t), v)  �1,�(v)t.

B1 v /2
S

�2⇤1
V1,�,

f(⌘1(v, t)) = f(v)  f(v)� �(v)�1(v)t,

�1(v) = 0 v /2
S

�2⇤1
V1,� �1

v 2 Vh,�, H1,�

f(⌘1(v, t)) = f(H1,�(v,�1,�(v)t))

 f(v)�

 
sup

v2B(u,�u)
�(v)

!
�1(v)t

 f(v)� �(v)�(v)t.

C1 ⌘1(·, t)



V1,� � 2 ⇤1 )
�S

�2⇤1
V1,�

�c

�S
�2⇤1

V1,�

�c

v0 2
�S

�2⇤1
V1,�

�c
g 2 G g · v /2

�S
�2⇤1

V1,�

�c

g · v 2
�S

�2⇤1
V1,�

�

gv 2 V1,� � 2 ⇤1. V1,�

v = g�1
· (g · v) 2 V1,� ⇢

�S
�2⇤1

V1,�

�
,

�S
�2⇤1

V1,�

�c

�S
�2⇤1

V1,�

�c
v 2

�S
�2⇤1

V1,�

�c

gv 2
�S

�2⇤1
V1,�

�c

⌘1(gv, t) = gv = g⌘1(v, t).

v 2 V1,� gv 2 V1,� �1,�

⌘1(gv, t) = H1,�(gv,�1,�(gv)t)

= gH1,�(gv,�1,�(v)t)

= g ⌘1(v, t).

⌘n�1 (A1), (B1) (C1)

v 2 Vn,� t 2 [0, ⌧(v))

d(⌘n�1(v, t), v) 

0

@
n�1X

j=1

X

�2⇤j

�j,�(v)

1

A t  ⌧(v) <
1

2
�n,�

⌘(v, t) 2 B(un,�, �n,�).

⌘n(v, t) =

8
<

:
Hn,�(⌘n�1(v, t),�n,�(v)t), se v 2 Vn,�

⌘n�1(v, t), se v /2
S

�2⇤1
V1,�

(A1), (B1) (C1)

n = 1.

{Vj,�} u

|dGf |(u) 6= 0, U u n0 2 N

⌘n(v, t) = ⌘n0(v, t)

v 2 U t 2 [0, �(v)) n � n0. ⌘ : X⇥ [0,1] ! X

⌘(u, t) = lim
n

⌘n(u,min{t, ⌧(u)})



(u, t) |df |(u) 6= 0. (A1) (B1)

d(⌘(u, t), u) = lim
n

d(⌘n(u,min{t, ⌧(u)}), u)

 lim
n

min{t, ⌧(u)} = min{t, ⌧(u)}  t,

⌘.

⌘

f(⌘(u, t), u) = f(lim
n

⌘n(u,min{t, ⌧(u)}))

= lim
n

f(⌘n(u,min{t, ⌧(u)}))

 lim
n

f(u) = f(u).

⌘

(B1) ⌘n

t  ⌧(u) ) f(⌘(u, t))  f(lim
n

⌘n(u,min{t, ⌧(u)}))

= lim
n

f(⌘n(u,min{t, ⌧(u)}))

 lim
n

0

@f(u)� �(u)

0

@
nX

j=1

X

�2⇤j

�j,�(v)

1

Amin{t, ⌧(u)}

1

A

= f(u)� �(u)min{t, ⌧(u)}

 f(u)� �(u)t,

⌘ (u, t) |df |(u) = 0.

⌧ (D)

⌧(u) = 0 ) |dGf | = 0.

⌧(u) = 0,

inf{d(u, v) + ⌧(v) |v 2 X} = 0.

d(u, v) = 0 ! u = v

⌧(v) = 0 ) ⌧(u) = 0

|dGf |(u) = 0. ⌘(·, t)

⌘(gu, t) = lim
n

⌘n(gu,min{t, ⌧(gu)})

= lim
n

g⌘n(u,min{t, ⌧(u)})

= g lim
n

⌘n(u,min{t, ⌧(u)})

= g⌘(u, t),



g 2 G. ⌧

X G f : X ! R
C ⇢ X �, � > 0

d(u, C)  � ) |dGf |(u) > �.

⌘ : X ⇥ [0, �] ! X

d(⌘(u, t), u)  t;

f(⌘(u, t))  f(u);

d(u, C) � � ) ⌘(u, t) = u;

u 2 C ) f(⌘(u, t))  f(u)� �t;

⌘(·, t) t 2 [0, 1].

' : X ! R

'(u) =

8
<

:
�, se d(u, C)  �

�1, se d(u, C) > �

|dGf |

�(u) < |dGf |(u),

u 2 X. �̂ : X ! [0,1)

�(u) < �̂(u) < |dGf |(u),

u 2 X.

d(u, C)  � ) �̂(u) = �

�̂(u) < |dGf |(u).

� = min{�̂+, �}

d(u, C)  � ) �(u) = � e

|dGf |(u) 6= 0 ) �(u) < |dGf |(u).

⌘1 : X ⇥ [0,1) ! X ⌧1 : X ! [0,1)

�

⌘n(u, t) =

8
<

:
⌘n�1(u, t), se 0  t  ⌧n�1

⌘1(⌘n�1(u, ⌧n�1(u)), t� ⌘n�1(u)), se t � ⌧n�1(u),



⌧n(u) = ⌧n�1 + ⌧1(⌘n�1(u, ⌘n�1(u))).

(u, t) d(u, C) + t  �,

lim
n

⌧n(u) > t.

⌧n(u)  t n.

d(⌘n(u, ⌧n(u)), ⌘n�1(u, ⌧n�1(u)))  ⌧n(u)� ⌧n�1(u),

d(⌘n(u, ⌧n(u)), C)  d(⌘n(u, ⌧n(u)), u) + d(u, C)  ⌧n(u) + d(u, C)

(⌘n(u, ⌧n(u))) {v | d(u, C)  �}

lim
n

⌘n(u, ⌧n(u)) = v.

⌧1(v) = lim
n

⌧1(⌘n(u, ⌧n(u))) = lim
n

(⌧n+1(u)� ⌧n(u)) = 0,

⌘(u, t) = limn ⌘n(u, t).

f(⌘(u, t))  f(u)� �t.

⌘ ⌘(u, t) = ⌘(u, (� � d(u, C))+)

d(u, C) + t � �. ⌘

X G�

f c 2 R. f G� (PS)c.

✏ > 0 U Kc Kc = ; U = ; � > 0

✏ > 0 ⌘ : X ⇥ [0, 1] ! X

d(⌘(u, t), u)  �t;

f(⌘(u, t))  f(u);

f(u) /2 (c� ✏, c+ ✏) ) ⌘(u, t) = u;

⌘(f c+✏
\ U, 1) ⇢ f c�✏;

⌘(·, t) t 2 [0, 1].



✏ > 0, U Kc � > 0.

f 1. G� PS

c, Kc r > 0 B(Kc; 2r) ⇢ U

�, � > 0 2� < ✏, �  r

c� 2�  f(u)  c+ 2�

u /2 B(Kc; r) ) |dGf | > �.

C = {u 2 X | c� �  f(u)  c+ �, u 2 B(Kc; 2r)}.

f 1

d(u, C)  � ) |dGf |(u) > �.

⌘0 : X ⇥ [0, �] ! X

�  �

⌘ : X ⇥ [0, 1] ! X ⌘(u, t) = ⌘0(u,�t). (a) (b)

f 1 f(u) /2 (c�✏, c+✏)

d(u, C) � � ⌘(u, t) = u. ✏ = min{��

2 , �}. u 2

f c+✏
\ U

f(u) � c� ✏, u 2 C

f(⌘(u, 1)) = f(⌘0(u,�))  f(u)� ��  c+ ✏� ��  c� ✏.

u 2 f c+✏
\ U f(u)  c� ✏, (b) f(⌘(u, 1))  c� ✏.

epi(f) X ⇥ R epi(f)

Kc Gf c. f

(G�PS)c Gf

(U⇥R)\epi(f) Kc Gf

1. Gf ✏ > 0

⌘ = (⌘1, ⌘2) : epi(f)⇥ [0, 1] ! epi(f)

d(⌘(u, t), u)  �t;

⌘2((u, ⇠), t)  ⇠;

⇠ /2 (c� ✏, c+ ✏) ) ⌘((u, ⇠), t) = (u, ⇠)

⇠  c+ ✏, u /2 U ) ⌘2((u, ⇠), 1)  c� ✏



⌘(·, t) t 2 [0, 1]

⌘ : X ⇥ [0, 1] ! X ⌘(u, t) = ⌘1((u, f(u)), t).

⌘ epi(f), f(⌘1((u, f(u)), t))  ⌘2((u, f(u)), t). ⌘

X f : X ! R
G = Z2 X Z2

(Vn)

X

Z X ⇢ > 0 ↵ > f(0)

X = V0 � Z ||u|| = ⇢) f(u) � ↵; 8u 2 Z

(Rn) (⇢,1)

8u 2 Vn com ||u|| � Rn ) f(u)  f(0).

c � ↵ Gf (PS)c;

|dGGf |(0, ⇠) 6= 0 ⇠ � ↵.

(un, ⇠n) epi(f) |dGf |(un, ⇠n) = 0

Gf (un, ⇠n) = ⇠n ! 1.



Z2.

X f : X ! R
|dZ2f |(u) = |df |(u) u 6= 0.

f : X ! R Z2

X.

|dZ2f |(u)  |dG1f |(u) = |df |(u)

G1 G1 G. �,

0 < � < |dGf |(u, ⇠) � > 0

H =: B(u; �)⇥ [0, �] ! X

d(H(v, t), v)  t

f(H(v, t))  f(v)� �t

v 2 B(u, �) t 2 [0, �]. �

� < ||u|| B(u, �) \ B(�u, �) = ;

K : (B(u, �) [ B(�u, �))⇥ [0, �] ! epi(f)

K(v, t) =

8
<

:
H(v, t), se v 2 B(u, �)

H(�v, t), se v 2 B(�u, �).

H K

K(·, t)

K((�1) · (v, t)) = K(�v, t) = (�1) ·K(v, t).

K

K

�  |dZ2f |(u)

|df |(u)

|df |(u)  |dZ2f |(u).



|df |(u) = |dZ2f |(u).

f(0) = 0.

Gf : epi(f) ! R. |dZ2Gf |(u, ⇠) = |dGf |(u, ⇠)

u 6= 0. Gf G� (PS)c c � ↵.

Kc ⇢ (X \ {0})⇥ {c}; 8c � ↵,

Kc Gf (u, ⇠) 2 Kc

Gf (u, ⇠) = ⇠ = c > ↵ > f(0) = 0.

(u, ⇠) = (u, c) 6= (0, 0) Kc ⇢ X ⇥ {c}.

(0, c) 2 Kc, |dGGf |(0, c) = 0,

(0, c) /2 Kc. Kc ⇢ (X \ {0})⇥ {c}.

⌃ = {A | A X, 0 /2 A A 0

A 2 ⌃, �(A) A

K = dimV0, dimVn = n + k

n 2 N. Dn = BRn , BRn Rn.

�n = {' 2 C(Dn, epi(f)) | ' '(u) = (u, 0), 8u 2 @BRn \ Vn} e

�j = {'(Dn \ Y ) | ' 2 �n, n � j, Y 2 ⌃ e �(Y )  n� j}.

j > k B 2 �j, B \ @B⇢ \ Z 6= ;.

B = h(Dm \ Y ), h 2 �m, Y 2 ⌃ �(Y )  m� j.

Ô = {x 2 Dm | h(x) 2 B⇢}.

0 2 Ô h O

0

Ô = h�1(B⇢) \Dm = h�1(B⇢) \ (BRm \ Vm).

h h�1(B⇢) Ô Vm, O

Vm.



�(@O) = m. h(@O) ⇢ @B⇢,

Rm > 0 f(x)  0 x 2 Vm \ BRm , m

K

@B⇢ \ Z \ Vm 6= ;.

f@B⇢\Z\Vm � ↵ > 0

Rm ⇢. x 2 @O,

h(x) 2 B⇢, h x 2 int(B⇢),

Vx ⇢ Dm

h(Vx) ⇢ B⇢ ) Vx ⇢ Ô

x 2 @O. x 2 @Dm Vm,

h ⇠= Id @O.

Rm = ||x|| = ||h(x)|| < ⇢

h(x) 2 @B⇢. h(@O) ⇢ @B⇢.

W = {x 2 Dm | h(x) 2 @B⇢} @O ⇢ W

m = �(@O)  �(W )  m ) �(W ) = m.

�(W \ Y ) � �(W )��(Y ) � m� (m� j) = j > k. h|
W\Y

�(h(W \ Y )) > k.

Z k

; 6= h(W \ Y ) \ Z ⇢ (B \ @B⇢ \ Z).

B \ @B⇢ \X 6= ;.

�j 6= ; 8j 2 N.

�j+1 ⇢ �j;

 2 C(epi(f), epi(f))  (u, 0) = (u, 0)

u 2 @BRn \ Vn n � j,  (B) 2 �j B 2 �j.

B 2 �j, s 2 ⌃ �(S)  s  j, B \ (S ⇥ R) 2 �j�s.



B 2 �j L = {(u, ⇠) 2 epi(f) | u 2 X, ||u|| = ⇢}, B \ L = ;

I|Dm 2 �m, 8m � j, Y = ;.

B = h(Dm \ Y ) 2 �j+1, B 2 �m m � j + 1 > j, Y 2 ⌃

�(Y )  m� j � 1 < m� j.

B 2 �j.

B = h(Dm \ Y ) 2 �j  

h Z2

' � h 2 C(Dm, epi(f))

' � h(u) = (u, 0) @BRm \ Vm. ' � h 2 �m,m � j �(Y )  m � j,

' � h(Dm \ Y ) 2 �j.

B = h(Dm \ Y ) 2 �j, g 2 �m,m � j, Y 2 ⌃(E) �(Y )  m � j.

Z 2 ⌃,

B \ Z = h(Dm \ (Y [ h�1(Z ⇥ R))).

h(Dm \ (Y [ h�1(Z ⇥ R))) = h(Dm \ (Y [ h�1(Z ⇥ R)c)
= h(Dm \ (Y c

\ h�1(Z ⇥ R)c)
= h((Dm \ Y c) \ (Dm \ h�1(Z ⇥ R)c))
= h((Dm \ Y ) \ (Dm \ h�1(Z ⇥ R)))
⇢ h(Dm \ Y ) \ h(Dm \ h�1(Z ⇥ R)).

x 2 Dm \ h�1(Z ⇥ R) ) x /2 h�1(Z ⇥ R) ) h(x) /2 (Z ⇥ R) ) h(x) 2 Zc
⇥ R.

h(Dm \ h�1(Z ⇥ R)) ⇢ Zc
⇥ R

h(Dm \ (Y [ h�1(Z ⇥ R))) ⇢ (B \ (Z ⇥ R))c = B \ (Z ⇥ R)
⇢ B \ (Z ⇥ R).

b 2 B \ (Z ⇥ R), b = h(w) w 2 Dm \ Y

w /2 h�1(Z⇥R). (wn) Dm \Y



w. Z ⇥ R h

h�1(Z ⇥ R) w /2 h�1(Z ⇥ R) n

wn /2 h�1(Z ⇥ R),

wn 2 (Dm \ (Y [ h�1(Z ⇥ R)))

n w 2 (Dm \ (Y [ h�1(Z ⇥ R))).

B \ Z ⇢ h((Dm \ (Y [ h�1(Z ⇥ R)))).

dim(Vm) < 1 h((Dm \ (Y [ h�1(Z ⇥ R)))) ⇢ Vm

(Dm \ (Y [ h�1(Z ⇥ R)))
h

h((Dm \ (Y [ h�1(Z ⇥ R))))

B \ Z ⇢ h((Dm \ (Y [ h�1(Z ⇥ R)))).

B \ Z = h((Dm \ (Y [ h�1(Z ⇥ R)))).

h�1(Z ⇥ R) 2 ⌃.

0 /2 h�1(Z ⇥ R). 0 /2 Dm h

h�1(Z ⇥ R) Z ⇥ R h

h�1(Z ⇥ R) Dm, Dm

h�1(Z ⇥ R)

h�1(Z ⇥ R) Z2.

u 2 h�1(Z ⇥ R) ) 9(w, ⇠) 2 Z ⇥ R h(u) = (w, ⇠).

h

h(�u) = �h(u) = (�w,�⇠) 2 Z ⇥ R

Z �u 2 h�1(Z ⇥ R) 2 ⌃.

�(h�1(Z ⇥ R) [ Y )  �(h�1(Z ⇥ R)) + �(Y )

 �(Z ⇥ R) + �(Y )

 s+ (m� j) = m� (j � s).

h

�(Z ⇥ R)  s  j.

B \ (Z ⇥ R) = h(Dm \ (Y [ h�1(Z ⇥ R))) 2 �j�s.



⇡ : X ⇥ R ! X.

B \ L 6= ; , ⇡(B) \ @B⇢ \ Z 6= ;.

(u, ⇠) 2 B \ L,

u 2 Z, ||u|| = ⇢ e ⇡(u, ⇠) = u )

u 2 ⇡(B) \ @B⇢ \ Z ) ⇡(B) \ @B⇢ \ Z 6= ;.

u 2 ⇡(B) \ @B⇢ \ Z, u 2 ⇡(B) ⇠ 2 R
(u, ⇠) 2 B ⇢ epi(f). (u, ⇠) 2 L.

(u, ⇠) 2 B \ L ) B \ L = ;.

B = '(Dm \ Y ). ⇡ � ' 2 C(Dm, X)

⇡ � ' = id @Br \ Vm

⇡(B) \ @B⇢ \ Z 6= ; ) B \ L 6= ;.

(5)

cj = inf
B2�j

max
(u,⇠)2B

Gf (u, ⇠), 8j 2 N

Gf j > k, cj � ↵ > 0.

j > k B 2 �j

⇡(B) \ @B⇢ \X 6= ;. f |@B⇢\Z � ↵,

(u, ⇠) 2 B \ @B⇢ \ Z ) Gf (u, ⇠) = ⇠ � f(u) � ↵.

max
(u,⇠)2B

Gf (u, ⇠) � ↵, 8B 2 �j )

cj = inf
b2�j

max
(u,⇠)2B

Gf (u, ⇠) � ↵ > 0.

j > k cj = cj+1 = · · · = cj+p = c, �(Kc) � p+ 1.

f(0) = 0 c � ↵ > 0, 0 /2 Kc. Kc 2 ⌃,

f 0 /2 Kc Gf (PS)c Kc

�(Kc)  ⇢. � > 0

�(N�(Kc)) = �(Kc)

U = N�(Kc) ✏ = ↵

2 ,

✏ 2 (0, ↵2 ) ⌘(t, ·) : epi(f) ! epi(f)



d(⌘(u, t), u)  �t;

Gf (⌘(u, t))  Gf (u);

Gf (u) 2 (c� ✏, c+ ✏) ) ⌘(u, t) = u;

⌘(Gc+✏

f
\ U, 1) ⇢ G

c�✏

f
;

⌘(·, t) Z2, t 2 [0, 1].

B 2 �j+p maxu2B I(u)  c+✏.

B \ U 2 �j

Rm > 0

f(u) < f(0) = 0; 8u 2 @BRm \ Vm; 8m 2 N

c� ✏ > c� ↵ > 0, ⌘(·, t) 2 �m, m > k.

U

⌘(B \ U, 1) 2 �j.

c  max
u2⌘(B\T ,1)

Gf (u)  c� ✏) ✏ < 0

j > k �(Kcj) � 1.

Kcj 6= ; uj Gf Gf (uj) = cj.

cj ! 1, quando j ! 1.

�j, cj  cj+1.

(cj)

c 2 R
cj ! c

j > k, c > cj. c = cj,

j > k �(Kc) = 1

Kc

K = {u 2 epi(f) | ck+1  Gf (u)  c e |dGf |(u) = 0}.

Gf (PS)c, c � ↵, K

�(K) < 1 � > 0

q = �(N�(K)) = �(K).

s = max{q, k+1}, U = N�(K) ✏ = c� cs
✏ 2 (0, ✏) ⌘(·, t) : epi(f)⇥ [0, 1] ! epi(f)



d(⌘(u, t), u)  �t; para algum � > 0.

Gf (⌘(u, t))  Gf (u);

Gf (u) 2 (c� ✏, c+ ✏) ) ⌘(u, t) = u;

⌘(Gc+✏

f
\ U, 1) ⇢ G

c�✏

f
;

⌘(·, t) Z2, t 2 [0, 1].

j 2 N cj > c� ✏ cj ! c,

B 2 �j+s

max
u2B

Gf (u)  c+ ✏.

B \ U 2 �j

m 2 N, Rm > 0

f(u)  f(0) = 0 ; 8u 2 @BRm \ Vm.

c� ✏ > 0,

⌘ 2 �m; 8m > k

U,

⌘(1, B \ U) 2 �j.

c  max
u2⌘(1,B\U)

I(u)  c� ✏,

(cj)

(un, ⇠n) Gf Gf (un, ⇠n) ! 1.

f.

(epi)c Gf

f.

c 2 R. f (epi)c ✏ > 0

inf{|dGf |(u,�) | f(u) < �, |�� c| < ✏} > 0.

X f : X ! R
f (epi)c,

|dGf |(u, ⇠) = 0 ) ⇠ = f(u) ) |df |(u) = 0.



|dGf |(u, ⇠) = 0,

|dGf |(u, ⇠) /2 {|dGf |(u,�) |f(u) < �, |�� c| < ✏} )

f(u) � ⇠ ) f(u) = ⇠.

(u, ⇠) 2 epi(f), f(u) � ⇠. f(u) = ⇠.

|df |(u) =

8
<

:

|dGf |(u,f(u))p
1�(|dGf |(u,f(u)))2

, se |dGf (u)| < 1

+1, se |dGf |(u) = 1.

|df |(u) =
|dGf |(u, f(u))p

1� (|dGf |(u, f(u)))2
=

0
p
1� 02

= 0.

u f.

X f : X ! R
G = Z2 X Z2

(Vn)

X

Z X ⇢ > 0 ↵ > f(0)

X = V0 � Z ||u|| = ⇢) f(u) � ↵; 8u 2 Z

(Rn) (⇢,1)

u 2 Vn, ||u|| � Rn ) f(u)  0.

c � ↵ f (PS)c (epi)c.

|dZ2Gf |(0, ⇠) 6= 0 ⇠ � ↵.

(un) f f(un) ! 1.

f

Gf (PS)c c � ↵.

(xk, ⇠k)

Gf

f(xk) = Gf (xk, f(xk)) ! 1.

(xk) f



��u+ !u = u log u2.

u 2 H1(Rn)

J(u) =
1

2

Z
|ru|2 +

! + 1

2

Z
|u|2 �

1

2

Z
G(u),

G : R ! R

G(s) =

8
><

>:

s2 log(s2), se s 6= 0

0, se s = 0.

J



↵ � 1.

x↵ > log x2

x

f : R⇤
! R

f(x) = x↵
� log x2 x 2 (0, 1),

log x2 < 0 < x↵

f(x) � 0 x 2 (0, 1) x � 1.

x↵
� x x � 1 g(x) = x� log x2

x � 1

ex � x2

) x = log ex � log x2.

g(x) � 0

f(x) � 0 ) x↵
� log x2.

x > 0.

h : R+
! R h(x) = log(x2). � > 0

K > 0 |h(x)| < |x|� |x| > K.

lim
log(x2)

x�
= 0.

M1 > 0 log x2 < |x|� |x| > M1.

h M > 0

|h(x)| < M,

x 2 (0,M1].

|h(x)| < M + |x|�,

x 2 R+.

J (PS)c

c 2 R. G, g : R ! R



G(s) =

8
><

>:

s2 log(s2), se s 6= 0

0, se s = 0

g(s) =

8
><

>:

s log(s2), se s 6= 0

0, se s = 0.

G g

0

G1(s) := (s2 log s2)� e

G2(s) := (s2 log s2)+.

u 2 H1
loc
(RN) v 2 H1(RN) \ L1

c
(RN),

g(u)v 2 L1(RN) g(u) 2 L1
loc
(RN)

Z
|g(u)v| =

Z

{|u|1}
|g(u)v|+

Z

{|u|>1}
|g(u)v| 

Z

{|u|1}\suptv
|g(u)k|+

Z

{|u|>1}\suptv
|g(u)k|,

k > 0 |v|1 < k.
Z

|g(u)v|  C1 + k

Z

{|u|>1}\suptv
|g(u)|,

C1

Z

{|u|1}\suptv
|g(u)k|  C1,

g {|u|  1}\suptv

� 2 (0, 2⇤ � 1] K1 > 0

|u| > K1 ) log |u|2  |u|�.

Z

{u>1}\suptv
|g(u)| =

Z

{1uK1}\suptv
|g(u)|+

Z

{u>K1}\suptv
|g(u)|

 C2 +

Z

{u>K1}\suptv
|u log u2

|

 C2 +

Z

{u>K1}\suptv
|u|1+�.



C2 > 0

C1 C > 0

Z
|g(u)v|  C

✓
1 +

Z

{u>K1}\suptv
|u|1+�

◆
< 1,

u 2 H1
loc
(RN) H1

loc
(RN) ,! L1+�

loc
(RN) � 2 (0, 2⇤ � 1].

g(u)v 2 L1(RN) v 2 H1(RN) \ L1
c
(RN). K ⇢ RN

'k 2 C1
c
(RN)

'K(x) = 1; 8x 2 K

0  'K(x)  1; 8x 2 RN

'k(x) = 0; x d(x,K) > 1.

'K 2 H1(RN) \ L1
c
(RN)

Z

K

|g(u)| 

Z

RN

|g(u)'k| < 1.

g(u) 2 L1
loc
(RN).

u 2 H1(RN) v 2 H1(RN) \ L1
c
(RN),

hJ 0(u), vi :=

Z
rurv + !

Z
uv �

Z
uv log u2.

hJ 0(u), ·i J J

u

u 2 H1(RN) J(u) 2 R |dJ |(u) < 1.

g(u) 2 L1
loc
(RN) \H�1(RN) v 2 H1(RN) \ L1

c
(RN),

|hJ 0(u), vi|  |dJ |(u)||v||.

v 2 H1(RN) (g(u)v)+ 2 L1(RN) (g(u)v)� 2 L1(RN)

g(u)v 2 L1(RN) J 0(u)

H�1(RN).



@J(u) 6= ; |dJ |(u) � min{||↵||⇤ | ↵ 2 @J(u)}

|dJ |(u) < 1, || · ||⇤ H�1(RN).

T (u) =
1

2
||r(u)||22 +

! + 1

2
||u||22

Q(u) = �
1

2

Z
u2 log u2.

[10], @J(u) ⇢ @T (u) + @Q(u) @J(u) 6= ;,

@Q(u) q : RN
⇥R ! R q(x, t) = �t�g(t)

�u� g(u) 2 L1
loc
(RN) \H�1(RN)

g(u) 2 L1
loc
(RN) \H�1(RN),

@Q(u) = {�u log u2
� u}.

J = T +Q T

@T (u) = {ru+ !u}.

@J(u) ⇢ {ru+ !u}+ {�u log u2
� u}

) @J(u) = {ru+ !u}+ {�u log u2
� u}.

@J(u) = {J 0(u)} J 0(u)

||J 0(u)||⇤  |dJ |(u) )����hJ
0(u),

v

||v||
i

����  ||J 0(u)||⇤  |dJ |(u)| )

|hJ 0(u), vi|  |dJ |(u) · ||v||

J

(uk) H1(RN)

uk ! u em H1(RN).

uk ! u em L2(RN)



uk ! u RN

G1

G1(uk) ! G1(u) RN

lim inf(G1 � uk)(x) = (G1 � u)(x) RN .

Z
(G1 � u) =

Z
lim inf(G1 � uk)  lim inf

Z
G1(uk).

G2

� 2 (0, 2+ � 2], C� > 0

G2(s)  C�|s|
2+�; 8s 2 R

uk ! u L2+�(R)N .

h 2 L2+�(RN)

|uk(c)|  |h(x)|

RN .

G2(uk(x))  C�|h(x)|
2+�

2 L1(RN).

Z
G2(u) = lim

k

inf G2(uk).

G(s) = G2(s)�G1(s),

Z
G(u)  lim inf

K

Z
G(uk).

J(u)  lim inf
K

J(uk)

J

(PS)c J H1
rad

(RN).



(uk) (PS)c J H1(RN) J

J(uk) ! c |dJ |(uk) ! 0.

hJ 0(uk), vi = o(1)||v||; 8v 2 H1(RN) \ L1
c
(RN),

o(1)

o(1) ! 0, quando ||v|| ! 0.

J 0(uk) ! 0, quando k ! 1 em H�1(RN).

u 2 H1(RN), � > 0

G2(s)  C�|s|2+� H1(RN) ,! L2+�(RN),
Z

|G2(s)| =

Z
G2(s)  C�

Z
|u|2+� < 1 ) G2 2 L1(RN).

uk

hJ 0(uk), uki =

Z
|ruk|

2 + !

Z
u2
k
+

Z
u2
k
�

Z
u2
k
log u2

k
.

J(u)

hJ 0(uk), uki = 2J(uk)�

Z
u2
k

||uk||
2
2 = 2J(uk)� hJ 0(uk), uki  2C1 + o(1)||uk||

C1 > 0 (J(uk)).

Z
u2 log u2


a2

⇡
||ru||22 + (log ||u||22 � n(1 + log a))||u||22, 8u 2 H1(RN), a > 0.

||uk||
2 = ||ruk||

2
2 + ||uk||

2
2 = 2J(uk)� !||uk||

2
2 +

Z
u2
k
log u2

k

) ||uk||
2

 2J(uk)� !(2J(uk)� hJ 0(uk), uki) +

Z
u2
k
log u2

k

) ||uk||
2

 (2� 2!)J(uk) + ! · ||uk||o(1) +

Z
u2
k
log u2

k
.

hJ 0(uk), uki = o(1)||uk||, J(uk) ! c,

C2 > 0

|(2� 2!)J(uk)| < C2.



||uk||
2
 C2 + !||uk||o(1) +

a2

⇡
||ruk||

2
2 + (log ||uk||

2
2 � n(1 + log a))||uk||

2
2.

log s  s1+�, � 2 (0, 1)

||uk||
2
 C2 + !||uk||o(1) +

a2

⇡
||ruk||

2
2 + ((||uk||

2
2)

1+�
� n(1 + log a))||uk||

2
2.

a > 0 d := a

⇡
< 1 1 + log a < 0.

[(||uk||
2
2)

1+�
�n(1+log a)]||uk||

2
2  [(2C1+o(1)||uk||)

1+�
�n(1+log a)]�(2C1+o(1)||uk||)

1+�.

(1�d)||uk||
2
 C2+!||uk||o(1)+[(2C1+o(1)||uk||)

1+�
�n(1+log a)]�(2C1+o(1)||uk||)

1+�.

||uk||o(1) ! 0 (||u||k)

H1(RN) (uk) H1
rad

(RN).

J |H1
rad(RN ) (PS)c c 2 R.

(uk) (PS)c J H1
rad

(RN).

(uk) H1
rad

(RN). H1(RN)

u 2 H1(RN)

uk * u H1(RN) H1
rad

(RN) H1(RN).

uk ! u Lp(RN)

uk * u RN .

Z
rurv + !

Z
uv =

Z
uv log u2, 8v 2 H1(RN) \ L1

c
(RN).

v 2 H1(RN) \ L1
c
(RN) vR(uk)v R > 0,

vR : R ! [0, 1]

vR(s) = 1 |s|  R;

vR(s) = 0 |s| � 2R;

v0
R
(s)  c

R



vR(uk)v 2 H1(RN) \ L1
c
(RN),

uk 2 H1(RN) vR(uk) 2 H1(RN)

(uk)

hJ 0(uk), vR(uk)vi =

Z
rukr(vR(uk)v) + !

Z
ukvR(uk)v �

Z
ukvR(uk)v log u

2
k
.

Lk :=

����
Z

vR(uk)rukrv + !

Z
vR(uk)ukv �

Z
vR(uk)ukv log u

2
k
� hJ 0(uk), vR(uk)vi

����

Lk =

����
Z

vR(uk)rukrv �

Z
rukr(vR(uk)v)

���� .

r(vR(uk)v) = v0
R
(uk)(ruk)v + vR(uk)rv.

Lk =

����
Z

vR(uk)rukrv �

Z
v0
R
(uk)v|ruk|

2
�

Z
vR(uk)rukrv

����)

Lk =

����
Z

v0
R
(uk)v|ruk|

2

���� 
C1

R
·

Z
|ruk|

2


C2

R
,

C1 = C · ||v||1 C2 (C1
R
||uk||

2
2).

����
Z

vR(uk)rukrv + !

Z
vR(uk)ukv �

Z
vR(uk)ukv log u

2
k
� hJ 0(uk), vR(uk)vi

���� 
C2

R
.

hJ 0(uk), vR(uk)vi ! 0

vR(uk)rv ! vR(u)rv L2(RN)
Z

vR(uk)rukrv !

Z
vR(u)rurv.

(vR(uk)uk log u2
k
) L2

loc
(RN)

� > 0 2 + 2� 2 [2, 2⇤].

M > 0 log x2
 M + |x|�.

|vR(uk(x))| < 1, x 2 RN

Z

K

|vR(uk)uk log u
2
k
|
2
 C1+

Z

K

|vR(uk)|·|uk|·|uk|
�
|
2
 C1+

Z

K

uk
2+2� = C1+||uk||

2+2�
L2+2�(K).



H1
rad

(RN) ,! Lq(RN) q 2 [2, 2⇤]
Z

K

|vR(uk)uk log u
2
k
|
2 < C2 + ||uk||

2+2�
H

1
rad(RN )

< C3,

(uk) H1
rad

(RN).

vR(uk)uk log(u2
k
) ! vR(u)u log u2 uk ! u vR log x

|vR(uk)ukv log u2
k
|  ||v||1|vR(uk)uk log u2

k
| < ||v||1 · c 2 L2

loc
(RN).

Z
vR(uk)ukv log u

2
k
!

Z
vR(u)uv log u

2.

k ! 1

����
Z

vR(uk)rukrv + !

Z
vR(uk)ukv �

Z
vR(uk)ukv log u

2
k
� hJ 0(uk), vR(uk)vi

���� 
C2

R
.

R ! 1,
Z

rurv + !

Z
uv =

Z
uv log u2; 8v 2 H1(RN) \ L1

c
(RN).

Z
G1(u)  lim inf

Z
G1(uk)

Z
G2(u) = lim

Z
G2(uk).

G(s) = G2(s)�G1(s),
Z

G(u) =

Z
(G2(u)�G1(u)) =

Z
G2(u)�

Z
G1(u)

� lim sup

Z
G2(uk) + lim sup

Z
�G1(uk)

= lim sup

Z
G2(uk)�G1(uk)

= lim sup

Z
G(uk),

lim
R
G2(uk) =

R
G2(u)

R
G1(u)  lim inf

R
G1(uk).

lim sup
R
u2
k
log u2

k

R
u2 log u2.

hJ 0(uk), uki ! 0

lim

✓
||ruk||

2
2 + w||uk||

2
2 �

Z
u2
k
log u2

k

◆
= 0.



lim sup ||ruk||
2
2 + !||uk||

2
2  lim supK||uk||

2 < 1

lim sup
R
u2
k
log u2

k

R
u2 log u2 < 1

0 = lim

✓
||ruk||

2
2 + !||uk||

2
2 �

Z
u2
k
log u2

k

◆
 lim sup

�
||ruk||

2
2 + !||uk||

2
2

�

+ lim sup

✓
�

Z
u2
k
log u2

k

◆

) lim sup
�
||ruk||

2
2 + !||uk||

2
2

�
= lim sup

Z
u2
k
log u2

k


Z
u2 log u2

= ||ru||22 + !||u||22,

v = u.

lim sup ||ruk||
2
2 + !||uk||

2
2  ||ru||22 + !||u||22

g : H1
rad

(RN) ! R

g(u) = ||ru||22 + !||u||22

g

g(u)  lim inf g(uk).

lim ||ruk||
2
2 + !||uk||

2
2 = ||ru||22 + !||u||22.

M > 0 M > 1
!

M > 1.

||uk � u||2 = ||r(uk � u)||22 + ||uk � u||22  M ||r(uk � u)||22 +M!||uk � u||22

= M(||r(uk � u)||22 + !||uk � u||22) ! 0.

uk ! u em H1
rad

(RN).

J (PS)c c 2 R.

J (epi)c
|dZ2GJ |(0, ✏) 6= 0 ✏ � ↵.



⌦ ⇢ RN g : ⌦⇥R ! R G(x, s) =
R
s

0 g(x, t)dt.

sup
|s|t

|g(·, s)| 2 L1
loc
(⌦), 8t > 0.

f : W 1,2
0 (⌦) ! R

f(u) =

Z

⌦

G(x, u)dx.

a 2 L1(⌦), b 2 R d � 0

�a(x)� b|s|
2n

(n�2)  G(x, s)  a(x) + b|s|
2n

(n�2) + dsg(x, s)

x ⌦ s 2 R. f : W 1,2
0 (⌦) ! R

d = 0

f. d

G(x, ·) ⌦ g(x, 0) 2 L
2n

(n�2) (⌦)

sg(x, 0)  G(x, s)  sg(x, s).

H1
0 (⌦) ,! L

2n
(n�2) (⌦)

u 2 H1
0 (⌦) f(u) 2 R

sg(x, s) � �
2

d
a(x)�

2b

d
|s|

2n
(n�2) .

d > 0 u 2 W 1,2
0 (⌦) g(x, u)u 2 L1(⌦). f(u) 2 R

� > f(u), �, � > 0

Z 1

0

Z

⌦

g(x, w + ⌧z)(w + ⌧z)dxd⌧ >

Z

⌦

g(x, u)udx+ �,

w, z 2 W 1,2
0 (⌦), ||w � u||1,2 < �, ||z||1,2 < �

Z 1

0

Z

⌦

G(x, w + ⌧z)dxd⌧ > �� �.

(u,�) 2 epi(f) � > f(u). |dGf |(u,�) = 1.

g(x, ·) ⌦, |dZ2Gf |(0,�) = 1 � > f(0).



d = 0, f

g(x, u)u 2 L1(⌦). � �

R > 0, vR : R ! [0, 1]

supt(vR) ⇢ [�2R, 2R]

|v0
R
(s)|  2

R
.

v 2 W 1,2
0 (⌦) \ L1

c
(⌦) R > 0, |v|  |u|

||vR(u)v � u||1,2 < ✏

e

Z

⌦

g(x, u)vR(u)vdx <

Z

⌦

g(x, u)udx+
�

4
.

�0 2 (0, �] \ (0, 1),

H1 : {w 2 B(u, �0) : f(w) < 1}⇥ [0, �0] ! W 1,2
0 (⌦),

H1(w, t) = w + t(vR(w)v � w). z = t(vR(w)v � w), x 2 ⌦

G(x, w + z)�G(x, w)

t
=

Z 1

0

1

1� ⌧ t
g(x, w + ⌧z)vR(w)vd⌧

�

Z 1

0

⌧ t

1� ⌧ t
g(x, w + ⌧z)(w + ⌧z)d⌧

�

Z 1

0

g(x, w + ⌧z)(w + ⌧z)d⌧.

�0,

sg(x, s) � �
2

d
a(x)�

2b

d
|s|

2n
(n�2)

3��0 + 2�  2�0 ||vR(w)v � w||1,2 < ✏

Z 1

0

Z

⌦

1

1� ⌧ t
g(x, w + ⌧z)vR(w)vdxd⌧ <

Z

⌦

g(x, u)udx+
�

4
,

Z 1

0

Z

⌦

⌧ t

1� ⌧ t
g(x, w + ⌧z)(w + ⌧z)dxd⌧ > �

�

4
,

Z 1

0

Z

⌦

g(x, w + ⌧z)(w + ⌧z)dxd⌧ >

Z

⌦

g(x, u)udx�
�

2
.

H : (B((u,�), �0)\ epi(f))⇥ [0, �0] ! epi(f)

H((w, µ), t) =
⇣
H1(w, t), µ�

�

2
t
⌘
.



⌧ 2 [0, 1] f(w + ⌧z) < � � �. (3.15)

(3.16)

f(H1(w, t))  f(w) +
�

2
t� �t = f(w)�

�

2
t  µ�

�

2
t.

f(w)  �� �, (3.15� 3.17),

f(H1(w, t))  f(w) + �t  �� � + ��0  �� �0 �
�

2
�0  µ�

�

2
t.

⌧ 2 (0, 1] f(w+ ⌧z)  �� �.

H epi(f).

Gf (H(w, µ), t) = Gf (w, µ)�
�

2
t

||H1((w, µ), t)�w||21,2+|H2((w, µ), t)�µ|2 =

✓
||vR(w)v � w||21,2 +

�2

4

◆
t2 

✓
✏2 +

�2

4

◆
t2.

|dGf |(u,�) �
�

p
4✏2 + �2

.

✏ > 0 ✏ ! 0+

|dGf |(u,�) � 1.

|dGf |(u,�) = 1,

|dGf |(u,�)  1. g(x, u)u /2 L1(⌦).

Z

⌦

g(x, u)udx = +1.

v = 0. M > 0.

�0

f(H1(w, t))  f(w)�Mt.

H((w, µ), t) = (H1(w, t), µ�Mt),

|dGf |(u,�) �
Mp

(||u||1,2 + 1)2 +M

M > 0 M ! +1,

|dGf |(u,�) � 1.

g(x, ·) f

u = 0 � > f(0), g(x, u)u 2 L1(⌦)



v = 0. H(·, t)

J (epi)c c 2 R
|dZ2GJ |(0, ✏) 6= 0 ✏ � ↵.

f = J

|dZ2GJ |(0, ✏) 6= 0 ✏ > ↵ > J(0). J

(epi)c.

inf{|dGJ |(u,�) ; f(u) < �, |�� c| < ✏} > 0.

� f(u)

|dGJ |(u,�) = 1.

inf{|dGJ |(u,�) ; f(u) < �, |�� c| < ✏} = 1 > 0

c 2 R. J (epi)c c 2 R.

��u+ !u = u log u2.

u 2 H1(RN).

J

(uk) H1
rad

(RN)

J(uk) ! 1 quando k ! 1.

Z
rukrv + !

Z
ukv =

Z
ukv log u

2
k
; 8v 2 H1(RN) \ L1

c
(RN).



Z
rurv + !

Z
uv =

Z
uv log u2; 8v 2 H1(RN) \ L1

c
(RN),

u

v 2 H1(RN) H1(RN)

u

X = H1
rad

(RN). J

J

PS J

J

J(0) = 0.

J(u) =
1

2
||ru||22 +

! + 1

2
||u||22 �

1

2

Z
u2 log u2

�
1

2
||ru||22 +

! + 1

2
||u||22 +

1

2
(! + 1 + n(1 + log a)� log ||u||22)||u||

2
2

� c||u||2.

a > 0 ||u|| = ⇢

V0 := {0} Z = H1
rad

(RN),

||u|| = ⇢) c||u||  J(u) ) c⇢  J(u).

↵ = c⇢

Vk

H1
rad

(RN)

�� + |x|2)

Vk Vk

||um|| ! 1

µm = ||um||2 ! 1. um = µmwm,

wm = ||um||
�1
2 um.



||wm||2 = 1

||rwm||  c,

||rwm||
2
2 + ||wm||

2
2 = µm

Z
w2

m
) ||rwm||

2
2 = µm � 1.

||wm||1  C, (um)

J(um) =
1

2

✓
||rum||

2
2 + (w + 1)||um||

2
2 �

Z
u2
m
log u2

m

◆

=
1

2

✓
||r(µmwm)||

2
2 + (w + 1)µ2

m
�

Z
(µmwm)

2 log µ2
m
w2

m

◆

=
1

2

✓
µ2
m
||rwm||

2
2 + (w + 1)µ2

m
� µ2

m

Z
w2

m
log µ2

m
w2

m

◆

=
µ2
m

2

✓
||rwm||

2
2 + (w + 1)�

Z
w2

m
log µ2

m
w2

m

◆

=
µ2
m

2

✓
||rwm||

2
2 + (w + 1)�

Z
w2

m
(log µ2

m
+ logw2

m
)

◆

=
µ2
m

2

✓
||rwm||

2
2 + (w + 1)� log µ2

m
||wm||

2
2 �

Z
w2

m
logw2

m

◆

=
µ2
m

2

✓
||rwm||

2
2 + (w + 1)� log µ2

m
�

Z
w2

m
logw2

m

◆


µ2
m

2
(C � log µ2

m
) ! �1.

G : [�C,C] ! R
(Rk) (⇢,1)

u 2 Vk ||u|| � Rk,

J(u)  0.

J (uk) J(uk) ! 1.

|hJ 0(uk), vi|  |dJ |(uk)||v|| = 0 )Z
rukrv + !

Z
ukv =

Z
ukv log u

2
k
; 8v 2 H1(RN) \ L1

c
(RN).



u 2 L1
loc
(⌦)

�u 2 L1
loc
(⌦) ⌦

u � 0 ⌦,

�u  �(u) {x 2 ⌦ : 0 < u(x) < a}. a

� : [0, a] ! R
�(0) = 0. �(S) = 0 S > 0

Z a
2

0

(�(S)S)
�1
2 dS = 1

�(S) > 0 S > 0

u ⌘ 0 ⌦ u ⌦

K ⇢ ⌦ c = c(K) > 0

u � c, q.t.p em K.

u u

�(s) =

8
<

:
!s� s log s2, se s 6= 0

0, se s = 0

� s

�(0) = 0 �(
p
e!) = 0 u 2 L1

loc
(RN) �u 2 L1

loc
(RN)

u u

⌦.



J

C2(R).

(3) C2(RN) :

J

C2(RN)

u0 J u0

Z

RN

ru0 ·rvdx+ !

Z

RN

u0vdx =

Z

RN

vu0 log u
2
0.

v 2 H1(RN) \ L1
c
(RN). u0

8
<

:
��u = f(u0), em B(0, R)

u = u0, sobre @B(0, R).

v 2 C1
c
(B(0, R)) ṽ v RN

supt(ṽ) = supt(v). v
Z

RN

ru0 ·rṽdx+ !

Z

RN

u0ṽdx =

Z

RN

ṽu0 log u
2
0 )

Z

supt(ṽ)

ru0 ·rṽdx+ !

Z

supt(ṽ)

u0ṽdx =

Z

supt(ṽ)

ṽu0 log u
2
0 )

Z

supt(v)

ru0 · vdx+ !

Z

supt(v)

u0vdx =

Z

supt(v)

vu0 log u
2
0.

v
Z

B(0,R)

ru0 ·rvdx+ !

Z

B(0,R)

u0vdx =

Z

B(0,R)

vu0 log u
2
0.

v 2 C1
c
(B(0, R)) C1

c
(B(0, R)) H1(B(0, R))

Z

B(0,R)

ru0 ·rvdx+ !

Z

B(0,R)

u0vdx =

Z

B(0,R)

vu0 log u
2
0

v 2 H1(B(0, R)). g : B(0, R) ⇥ R ! R

g(·, u0) = �!u0 + u0 log u
2
0,



u0

��u0 = g(·, u0(·)).

B(0, R) g

|g(x, u0)| = |� !u0 + u0 log u
2
0|  !|u0|+ |u0 log u

2
0|

↵ > 0 1 + ↵ 2 [1, N+2
N�2 ].

lim
x!1

x↵

log x2
= 1.

K > 1 > 0 x /2 B(0, K),

x↵ > log x2.

h : R+
! R h(x) = !x+x log x2

B(0, K) C1 > 0.

|u0|  K

|g(x, u0)|  h(|u0|)  M.

|u0| > K > 1 |u0|  |u0|
1+↵ log u2

0  |u|↵

|g(x, u0)|  !|u0|+ |u0 log u
2
0|  !|u0|

1+↵ + |u0| · |u0|↵  M1|u0|
1+↵.

|g(x, u0)|  M +M1|u0|
1+↵

 C(1 + u1+↵

0 )

C = max{M,M1} (1+↵) 2 [1, N+2
N�2 ].

u0 2 Lq(B(0, R))

q 2 [1,1).

u0

f : RN
! R f(x) = u0(x) log(u2

0(x)) u0 r � 1

|f(x)|r = |u0(x) log(u
2
0(x))|

r = |u0|
r
|u0|

↵ = |u0|r + ↵.

↵ > 1 u0 2 Lq(B(0, R)) q 2 [1,1)

f 2 Lr(B(0, R)) r � 1

u0 2 W 2,r(B(0, R)) r � 1 (iv)

r > N m = 1 j = 1

N

p
< 1 = m ) W 2,r(B(0, R)) ,! C1,↵(B(0, R))



u0 2 C1,↵(B(0, R)) ↵ < 1. u0 2 C2(B(0, R)).

u0 C2(B(0, R)) R

⌦ = B(0, R) f1 = g(·, u0(·)) � !u0(·) h = u0

B(0, R)

f1 2 C↵

loc
(⌦). f

B(0, R)

|f1(x)� f1(y)| = |f(u0(x))� f(u0(y))|  M · |u0(x)� u0(y)|  M ·M1||x� y||↵

M f M1 u0 2 C1,↵(B(0, R)).

g 2 C0,↵(B(0, R)).

u1 2 C2(⌦)\C0(⌦). u1 = u0.

u1

u1

Z

⌦

ru1 ·rvdx =

Z

⌦

vf1(x).

v 2 H1(⌦) \ L1
c
(⌦). u0

⌦,
Z

⌦

r(u1 � u0) ·rvdx = 0.

v 2 H1(⌦) \ L1
c
(⌦). v = u1 � u0, r(u1 � u0)(x) = 0

x 2 ⌦. u0 2 C1,↵(B(0, R)), r(u1 � u0)(x) = 0

x 2 B(0, R) u1�u0

B(0, R) u1 = u0 u1 = u0

u1 = u0, u0 2 C2(⌦)\C0(⌦). R > 0

u0 2 C2(RN),

�u0 + !u = f(u), em B(0, R),

R > 0

�u0 + !u = f(u), em RN .

u0
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E G E

E I 2 C(E,R).

I 2 C1(E,R) I|Sm�1 m

⌃(E) = {A ⇢ E \ {0}; }.



A 2 ⌃(E). A, �(A),

n � 2 C(A,Rn
\{0})

n A, �(A) = 1 A = \;, �(A) = 0.

B ⇢ E B \ (�B) = ;, A = B [ (�B),

�(A) = 1.

A 2 ⌃(E), A ⇢ E \ {0}

' : A ! R \ {0}

'(x) =

8
><

>:

1, se x 2 B

�1, se x /2 �B

�(A) = 1.

A 2 ⌃(E) �(A) > 1, A

A

A = B [ (�B) B B \ (�B) = ;. �(A) = 1,

n � 1 A Sn

�(A) > 1. �(A) = 1

' 2 C(A,R \ {0}) ' x 2 A

'(x) > 0 ) '(�x) = �'(x) < 0.

y x

�x '(y) = 0, '(A) ⇢ R \ {0} �(A) > 1.

A 2 ⌃(E) � > 0, N�(A) �� A,

N�(A) = {x 2 E; d(x,A)  �}.



F

X J

f : F ! J, ' : X ! J '(x) = f(x)

x 2 F.

A,B 2 ⌃(E).

x 6= 0, �({x} [ {�x}) = 1.

f 2 C(A,B)

�(A)  �(B).

A ⇢ B, �(A)  �(B).

�(A [ B)  �(A) + �(B).

A �(A) < 1

� > 0 N�(A) 2 ⌃(E) �(N�(A)) = �(A).

�(B) = 1 �(A) = 1 �(B) = 1.

n 2 N ' : B ! Rn
\ {0}

g = ' � f : A ! Rn
\ {0}

�(A), �(B) < 1. �(B) = n

' : B ! Rn
\ {0}.

g = ' � f : A ! Rn
\ {0}

�(A)  n. �(A)  �(B).

(III) f

i : A ! B.

�(A) = m �(B) = n.

' 2 C(A,Rm
\ {0}) � 2 C(B,Rn

\ {0}).

'̂ 2 C(E,Rm) �̂ 2 C(E,Rn) '̂|A = ' �̂|B = �.

�̂ '̂ �̂ '̂

f = ('̂, �̂) f 2 C(A [ B,Rm+n
\ {0})

�(A [B) � m+ n = �(A) + �(B).



x 2 A, r(x) = 1
2 ||x|| = r = (�x) Tx = Br(x)(x)[Br(x)(�x).

�(Tx) = 1.

A ⇢

[

x2A

Tx

A x1, x2, · · · , xk 2 A

A ⇢
S

k

i=1 Txi .

�(A)  �

 
k[

i=1

Txi

!
 ⌃k

i=1�(Txi) = k < 1.

�(A) = n, ' 2 C(A,Rn
\ {0})

' 2 C(E,Rn) '. A

'̂ � > 0 '̂ 6= 0 N�(A). �(N�(A))  n = �(A).

A ⇢ N�(A), �(A)  �(N�(A)).

�(B) < 1, �(A \B) � �(A)� �(B).

A ⇢ (A \B) [B,

�(A)  �((A \B [B))  �(A \B) + �(B)

�(A \B) � �(A)� �(B).

⌦ ⇢ RN

0 2 ⌦ f : @⌦ ! Rm

m < N. x 2 @⌦ f(x) = f(�x).

A 2 ⌃(E) ⌦ ⇢ Rk

0 2 ⌦. h 2 C(A, @⌦)

�(A) = k.

�(A)  k. ⌦

⌦ \ @⌦ = ;.

0 2 ⌦ ) 0 /2 @⌦.

@⌦ {0} d({0}, @⌦) > 0.

h Rk
\{0} h 0 � @⌦.

�(A)  k. �(A) = j < k, ' 2 C(A,Rj
\ {0})



' � h�1
2 C(@⌦,Rj

\ {0})

x 2 @⌦,

(' � h�1)(x) = (' � h�1)(�x)

(' � h�1)(x)� (' � h�1)(�x) = 0

' � h�1

(' � h�1)(x) = 0.

�(A) = k.

F E k Sk�1
F

F �(Sk�1
F

) = k.

A = Sk�1
F

,⌦ = BF (0, 1) ⇢ F ⇠= Rk

h i : Sk�1
F

! @⌦

�(Sk�1)F = k.

X E k A 2 ⌃(E)

�(A) > k. A \X 6= ;.

E = V � X V k�

E. P E V A \ X 6= ;

P1 : A ! S \ V

P1(x) =
P (x)

||P (x)||
.

S E P1

�(A)  �(S \ V ) = �(Sk�1
V

) = k. A \X 6= ;.

Z2

G E

G. F ixG :

Fix(G) = {u 2 E | g · u = u g 2 G }.

E E \ {0}

A 2 E , x 2 A ) gx 2 A, 8g 2 G e x 2 A.

(E,G)

i : E ! N [ {1}

A,B 2 E :



x /2 FixG, i
⇣S

g2G gx
⌘
= 1.

f 2 C(A,B) f

A ⇢ B ) i(A)  i(B).

i(A [ B)  i(A) + i(B).

A A\FixG = 0, i(A) <

1 � > 0

N�(A) 2 E e i(N�(A)) = i(A).



�u = g(·, u), em ⌦

⌦ ⇢ RN g : ⌦ ⇥ R ! R

g

|g(x, u)|  C(1 + |u|p),

p 2
⇥
1, N+2

N�2

⇤
, N � 3.

u 2 H1
loc
(⌦)

Z

⌦

ru(x)rv(x) =

Z

⌦

g(x, u(x))v

v 2 H1
loc
(⌦).

RN .



⌦ RN g : ⌦ ⇥ R ! R
x 2 ⌦,

|g(x, u)|  a(x)(1 + |u|)

a 2 L
n
2
loc
(⌦). u 2 H1

loc
(⌦)

u 2 Lq

loc
(⌦) q 2 [1,1). u 2 H1

0 (⌦) a 2 L
n
2 (⌦), u 2 Lq(⌦)

q 2 [1,1). u 2 H1
0 (⌦) a 2 L

n
2 (⌦), u 2 Lq(⌦)

q 2 [1,1).

g

a(x) =
|g(x, u)|

1 + |u(x)|

a 2 L
n
2
loc
(⌦).

f 2 Lr(RN) u 2 H1(RN),

Z

RN

rurvdx+

Z

RN

uv =

Z

RN

fv

v 2 C1
0 (RN). u 2 W 2,r(RN) C > 0 f,

||u||W 2,r(RN )  C||f ||Lr(RN ).

⌦ m 2 N 1  p < 1.

j 2 N

m < n

p
W j+m,p(⌦) ,! W j,q(⌦), p  q  Np

N�mp

m = N

p
, W j+m,p(⌦) ,! W j,q(⌦), p  q < 1.

N

p
< m W j+m,p(⌦) ,! Cj

B
(⌦),

m� 1 < N

p
< m W j+m,p(⌦) ,! Cj,↵(⌦), 0 < ↵ < m�

N

p
.

Cj

B
(⌦) Cj(⌦)

j ⌦



⌦ ⇢ RN , @⌦

y 2 @⌦ w 2 C0(⌦) w

⌦, w(y) = 0 w > 0 ⌦ \ {y}.

⌦ ⇢ Rn

f 2 C↵

loc
(⌦) \ L1(⌦) h 2 C0(@⌦).

8
<

:
��u = f, em ⌦

u = h, sobre @⌦.

u 2 C2(⌦) \ C0(⌦).













C1(RN).
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B(x0; r) = {x 2 RN : |x� x0| < r}, r > 0

RN = {(x1, x2, ..., xN) : xi 2 R, i = 1, ..., N} R+ = [0,+1)

supt(u) = {x 2 ⌦ : u(x) 6= 0} u : ⌦ ! R

u+(x) = max{0, u(x)} u�(x) = max{0,�u(x)} u : ⌦ ! R

u : ⌦ ! R M 2 R

[u � M ] = {x 2 ⌦ : u(x) � M} [u  M ] [u > M ]

[u < M ]

*
?
*

A ,! B A B

C0(⌦) = {u : ⌦ ! R : u supp(u) ⇢ ⌦ }

Lp(⌦) =

⇢
u : ⌦ ! R :

Z

⌦

|u(x)|pdx < +1

�
, p 2 [1,+1)

L1(⌦) = {u : ⌦ ! R : c > 0 |u(x)|  c ⌦}

Ck(⌦) = {u : ⌦ ! R : u }

L1
loc
(⌦) =

⇢
u : ⌦ ! R :

Z

A

|u(x)|dx < +1, A ⇢⇢ ⌦

�
;

X 0 X



||·||⇤ X

I 2 X 0

||I||⇤ = sup{|I(x)| : x 2 X ||x||X  1}.

G(f) f



~ ⇠= 6, 62 · 10�34 m2
· kg · s�1

L

L

L



H 3

 0 2 L t = 0. t,

 (t) = Ut 0 Ut

 (t)

 (t) 2 DH DH H t = 0

i~d (t)
dt

= H( (t)),

~ i =
p
�1

i@t�+��+ � log |�|2 = 0

� : [0,1]⇥RN
! C N � 3

H(�) = �~(��+ � log |�|2).

� = ei!tu(x) u

��u+ !u = u log u2,

u 2 H1(RN) (2).

(2)

(3)

J(u) =
1

2

Z
|ru|2 +

! + 1

2

Z
|u|2 �

1

2

Z
G(u).



G : R ! R

G(s) =

8
><

>:

s2 log(s2), se s 6= 0

0, se s = 0.

Z
u2 log u2


a2

⇡
||ru||22 + (log ||u||22 � n(1 + a))||u||22

u 2 H1(RN) a > 0. J(u) > �1.

u 2 H1(RN)
R
u2 log u2 = �1.

u 2 H1(RN)

u(x) =

8
<

:
(|x|

N
2 log |x|)�1, |x| � 3,

0, |x|  2.

R
u2 log u2 = �1. N = 1,

R
R u

2 log u2 = �1.

u

����
Z 2

�2

u2 log u2dx

���� < 1.

u
Z 1

3

u2 log u2dx.

u

Z 1

3

u2 log u2dx =

Z 1

3

log x+ 2 · log(log x)

x(log x)2
dx.

y = log x, dy = 1
x
dx.

Z 1

3

u2 log u2dx = �

Z 1

log(3)

y + 2 · log(y)

y2
dy = �

✓Z 1

log(3)

1

y
dy +

Z 1

log(3)

2 · log(y)

y2
dy

◆
,

Z

R
u2 log u2dx = �1.

J C1 H1(RN)



W =

⇢
u 2 H1(RN) ;

Z
u2
| log u2

| < 1

�
.

||u||W = ||u||H1 + inf

⇢
� > 0 ;

Z
A

✓
|u|

�

◆
 1

�
,

A(s) = �s2 log s2 [0, ✏�3] A(s) = 3s2 + 4e�3s � e�6 [e�3,1).

J : W ! R C1.

Z
rurv + !

Z
uv =

Z
uv log u2; 8v 2 H1(RN),

v H1(RN)

Z
uv log u2dx < 1

Z
rurv + !

Z
uv =

Z
uv log u2; 8v 2 H1(RN) \ L1

c
(RN).

J



C2(RN).



1.1

X

d.

f : X ! R u 2 X.



|df |(u) � 2 [0,+1] � > 0

H : B(u, �)⇥ [0, �] ! X

d(H(v, t), v)  t,

f(H(v, t))  f(v)� �t.

|df |(u) f u.

(X, d) g : X ! R
k |dg|(x)  k

� � 0

H : B(u, �)⇥ [0, �] ! X

d(H(v, t), v)  t,

g(H(v, t))  g(v)� �t.

�t  g(v)� g(H(v, t))

) � 
g(v)� g(H(v, t))

t


k · d(v,H(v, t))

t

) � 
k · t

t
= k.

k � |dg|(x) �

|dg|(x)  k.

k

k

f : R ! R f(x) = |x|.

|df |(x) =

8
<

:
1, se x 6= 0

0, se x = 0.

x0

|df |(x0)  1 |df |(x0) � 1.



k

� = x0
8 H : B(x0, �)⇥ [0, �] ! R H(y, t) = y � t. H

d(H(y, t), y) = |y � t� y| = |t| = t

y 2 B(x0, �).

H

y 2 B(x0, �) t 2 [0, �] y = x0 + ✏ y = x0 � ✏

✏ 2 [0, �]. y = x0 + ✏

|y|� |y � t|

t
=

|x0 + ✏|� |x0 + ✏� t|

t
.

t < � = x0
8

x0 � t � 0.

|y|� |y � t|

t
=

x0 + ✏� (x0 + ✏� t)

t
=

t

t
� 1.

y = x0 � ✏ ✏, t 2 [0, x0
8 ]

x0 � ✏� t � 0

|y|� |y � t|

t
=

x0 � ✏� (x0 � ✏� t)

t
=

t

t
� 1.

1 
f(y)� f(H(y, t))

t

y 2 B(x, �) t 2 [0, �]

f(H(y, t))  f(y)� 1 · t.



|df |(x0) � 1 |df |(x0) = 1

x0 > 0.

|df |(x0) = 1 x0

|f 0(x)| = 1 = |df |(x)

x 6= 0

x � � 0

H �

v = 0 H

f(H(0, t))  f(0)� � · t )

� 
f(0)� f(H(0, t))

t
)

� 
|0|� |H(0, t)|

t
 0.

� = 0 |df |(0) = sup � = 0

0 0 0

f : X ! R U ⇢ X

u 2 U f |df |(u) = 0.

|df |(u) > 0 � 2 (0, |df |(0))

H : U ⇥ [0, �] ! R

d(x,H(x, t))  t

f(H(x, t))  f(x)� �t

x 2 U t 2 [0, �].

H(x, t) ! x, t ! 0.

x = u �1 > 0

f(u)  f(H(u, t)), 8t 2 [0, �1],



u f.

� 
f(x)� f(H(x, t))

t
x = u,

� 
f(u)� f(H(u, t))

t
 0, 8t 2 [0, �1].

0 �,

|df |(u)  0 ) |df |(u) = 0.

f : X ! R
f

D(f) = {x 2 X : f(u) < 1}

f

epi(f) = {(u, ⇠) 2 X ⇥ R; f(u)  ⇠}.

d((u, ⇠), (v, µ)) = (d(u, v))2 + |⇠ � µ|2)
1
2 .

f epi(f)

X⇥R. (u, ⇠) 2 epi(f). ((un, ⇠n))

2 epi(f)

(un, ⇠n) ! (u, ⇠),

epi(f)

d((un, ⇠n), (u, ⇠)) ! 0.

0  d(un, u)  d((un, ⇠n), (u, ⇠)) 0  |⇠n � ⇠|  d((un, ⇠n), (u, ⇠))

(d(un, u)) (|⇠n � ⇠|) 0

un ! u em X e ⇠n ! ⇠ em R.

(un, ⇠n) 2 epi(f)

f(un)  ⇠n, 8n 2 N

n ! 1 f

f(u)  lim inf f(un)  lim inf ⇠n = ⇠.

(u, ⇠) 2 epi(f). epi(f)



f : X ! R [ {+1} s.c.i.

Gf : epi(f) ! R
Gf (u, ⇠) = ⇠.

Gf

|Gf (u, ⇠)� Gf (v, µ)| = |⇠ � µ|

 1 · d((u, ⇠), (v, µ)).

Gf 1

|dGf |(u, ⇠)  1

(u, ⇠) 2 epi(f)

|dGf |(u, ⇠) |df |(u) f

f : X ! R u 2 X ⇠ 2 R.

|dGf |(u, f(u)) =

8
<

:

|df |(u)
p

1+(|df |(u))2
, se |df |(u) < 1

1, se |df |(u) = +1

|dGf |(u, ⇠) = 1, f(u) < ⇠.

|dGf |(u, f(u)) �

8
<

:

|df |(u)
p

1+(|df |(u))2
, se |df |(u) < 1

1, se |df |(u) = +1

|df(u)| = 0

0 < � < |df |(u) H : B(u, �) ⇥ [0, �] ! X

K : (B((u, f(u)), �) \ epi(f)) ⇥ [0, �] ! epi(f)

K((v, µ), t) =

✓
H

✓
v,

t
p
1 + �2

◆
, µ�

�
p
1 + �2

t

◆
.

K (b) H

f

✓
H

✓
v,

t
p
1 + �2

◆◆
 f(v)�

�
p
1 + �2

· t

 µ�
�

p
1 + �2

· t,



(v, µ) 2 epi(f) K((v, µ), t) 2 epi(f) K

H

d(K((v, µ), t), (v, µ)) =

 
d

✓
H

✓
v,

t
p
1 + �2

◆
, v

◆2

+

✓
µ�

�
p
1 + �2

t� µ

◆2
! 1

2



✓
t2

1 + �2
+

�2t2

1 + �2

◆ 1
2

= t.

Gf (K((v, µ), t))) = µ�
�t

p
1 + �2

= Gf (v, µ)�
�t

p
1 + �2

.

|dGf |(u, f(u)) �
�

p
1 + �2

.

(�n)

�n ! |df |(u).

|df |(u) < 1.

�n ! |df |(u).

f1 : R+
! R

f1(x) =
x

p
1 + x2

1.2

|dGf |(u, f(u)) �
�np
1 + �2

n

.

n ! 1

|dGf |(u, f(u)) �
|df |(u)p
1 + |df(u)2

.

|df |(u) = 1

�n ! 1

lim
x!1

f1(x) = 1.



�n (1.2) n ! 1

|dGf |(u, f(u)) � 1.

1.1

|dGf |(u, f(u)) 
|df |(u)p

1 + (|df |(u))2
.

|dGf |(u, f(u)) = 0,

0 < � < |dGf |(u, f(u))

K : B((u, f(u)), �)⇥ [0, �] ! epi(f)

f �0 > 0

�0  �
p
1� �2

d(v, u)2 + |f(v)� f(u)|2 < �2, 8v 2 B(u, �0).

H : B(u, �0)⇥ [0, �0] ! X

H(v, t) = K1

✓
(v, f(v)),

t
p
1� �2

◆
,

K1 K �0 > 0 H

H K1

H

d

✓
K

✓
(v, f(v)),

t
p
1� �2

◆
, (v, f(v))

◆2

= d

✓
K1

✓
(v, f(v)),

t
p
1� �2

◆
, v

◆2

+

����K2

✓
(v, f(v)),

t
p
1� �2

◆
� f(v)

����
2

.

d(H(v, t), v)2 = d

✓
K1

✓
(v, f(v)),

t
p
1� �2

◆
, v

◆2

= d

✓
K

✓
(v, f(v)),

t
p
1� �2

◆
, (v, f(v))

◆2

�

����K2

✓
(v, f(v)),

t
p
1� �2

◆
� f(v)

����
2

.

K

d(H(v, t), v)2 
t2

1� �2
�

����K2

✓
(v, f(v)),

t
p
1� �2

◆
� f(v)

����
2

.



K

Gf

✓
K(v, f(v)),

t
p
1� �2

◆
 f(v)�

�
p
1 + �2

t )

�
p
1 + �2

t  f(v)� Gf

✓
K(v, f(v)),

t
p
1� �2

◆
.

Gf

⇣
K(v, f(v)), tp

1��2

⌘
= K2

⇣
(v, f(v)), tp

1��2

⌘

�
p
1 + �2

t  f(v)�K2

✓
(v, f(v)),

t
p
1� �2

◆
.

d(H(v, t), v)2 
t2

1� �2
�

�2t2

1� �2
= t2.

(a) H

f(H(v, t)) = f

✓
K1

✓
(v, f(v)),

t
p
1� �2

◆◆

 K2

✓
(v, f(v)),

t
p
1� �2

◆

= Gf

✓
K

✓
(v, f(v)),

t
p
1� �2

◆◆

= Gf (v, f(v))�
�

p
1� �2

t

= f(v)�
�

p
1� �2

t.

Im(K) ⇢ epi(f) Gf

K |df |(u)

|df |(u) �
�

p
1� �2

.

(1.3)

|df |(u) �
|dGf |(u, f(u))p

1� (|dGf |(u, f(u)))2
.

|dGf |(u, f(u)) 
|df |(u)p

1 + (|df |(u)2)
.

|df |(u) < +1. |df |(u) < 1

|dGf |(u, f(u)) =
|df |(u)p

1 + (|df |(u)2)
.



f(u) < ⇠ � > 0

µ � f(v) + �

(v, µ) 2 B((u, ⇠), �).

((vn, µn))

d((vn, µn), (u, ⇠)) <
1

n

µn < f(vn) +
1

n
.

(1.5)

vn ! u em X e

µn ! ⇠ em R.

1.6 f

⇠  f(u),

� > 0 µ � f(v) + �

(v, µ) 2 B((u, ⇠), �).

H : B((u, ⇠), �)⇥ [0, �] ! epi(f)

H((v, µ), t) = (v, µ� t).

H

f(v) + t  f(v) + �  µ )

f(v)  µ� t ) (v, µ� t) 2 epi(f).

d(H((v, µ), t), (v, µ)) = d((v, µ� t), (v, µ))  t.

H (a)

Gf (H(v, µ), t) = Gf (v, µ� t) = µ� t = Gf (v, µ)� 1 · t.



H

(u, ⇠) 2 epi(f),

|dGf |(u, ⇠) � 1 )

|dGf |(u, ⇠) = 1.

|dGf |(u, ⇠)  1

f

|df |(u) Gf

|dGf |(u, f(u)) =
|df |(u)p

1 + (|df |(u))2

(|dGf |(u, f(u)))
2
· (1 + (|df |(u))2) = (|df |(u))2

(|dGf |(u, f(u)))
2 + (|dGf |(u, f(u)))

2
· (|df |(u))2 = (|df |(u))2

(|dGf |(u, f(u)))
2 = (|df |(u))2 � (|dGf |(u, f(u)))

2
· (|df |(u))2

(|dGf |(u, f(u)))
2 = (1� (|dGf |(u, f(u)))

2) · (|df |(u))2

(|dGf |(u, f(u)))2

(1� (|dGf |(u, f(u)))2)
= (|df |(u))2

|df |(u) =
|dGf |(u, f(u))p

1� (|dGf |(u, f(u)))2
.

f u 2 X

|df |(u) < 1

|df |(u) =
|dGf |(u, f(u))p

1� (|dGf |(u, f(u)))2
.

f

Gf f

s.c.i. epi(f) Gf

s.c.i. Gf

X f : X ! R

D(f) := {u 2 X|f(u) < 1}

f b := {u 2 X|f(u)  b}.



f : X ! R b 2 R
D(f) f b

f : X ! R u 2 D(f).

|df |(u) =

8
<

:

|dGf |(u,f(u))p
1�(|dGf |(u,f(u)))2

, se |dGf |(u, f(u)) < 1

+1, se |dGf |(u, f(u)) = 1

|df |(u)

f : X ! R s.c.i. u 2 D(f).

� > 0 b > f(u), � > 0

H : (B(u, �) \ f b)⇥ [0, �] ! X

d(H(v, t), v)  t,

f(H(v, t))  f(v)� �t.

|df |(u) � �.

|dGf |(u, f(u)) = 1

|df |(u) = 1 � > 0.

|dGf |(u, f(u)) < 1.

�0 2 (0, �]

µ  b

(v, µ) 2 B((u, f(u)), �0)

K : (B((u, f(u)), �0) \ epi(f))⇥ [0, �0] ! epi(f)

K((v, µ), t) =

✓
H

✓
v,

t
p
1 + �2

◆
, µ�

�
p
1 + �2

· t

◆
.



K K((v, µ), t) 2 epi(f) K (a)

(b)

d(K((v, µ), t), (v, µ))  t,

Gf (K((v, µ), t)) = Gf (v, µ)�
�

p
1 + �2

· t.

K K

|dGf |(u, f(u)) �
�

p
1 + �2

.

�2


(|dGf |(u, f(u)))2

1 + (|dGf |(u, f(u)))2
= (|df |(u))2 )

�  |df |(u).

s.c.i.

f : X ! R u 2 D(f).

(uk, f(uk)) ! (u, f(u)) em G(f),

|df |(u)  lim inf
k

|df |(uk).

f

|df |(u) = 0

|df(u)| > 0 � 2 (0, |df |(u)) H : B(u, �)⇥ [0, �] ! X

uk ! u uk 2 B(u, �

2) k

H1 = H|
B(uk,

�
2 )⇥[0, �2 ]

. H1

(a) (b)

|df |(uk) � �.

�

|df |(uk) � |df |(u),



|df |(u) � (1.8) |df |(uk)

k

|df |(u)  lim inf
k

|df |(uk).

|df | f

Gf

|dGf |(u)  lim inf
k

|dGf |(uk).

f1 : [0, 1) ! R

f1(x) =
x

(1� x)
1
2

|dGf |(u)p
1� |dGf |(u)

 lim inf
k

|dGf |(uk)p
1� |dGf |(uk)

)

|df |(u)  lim inf
k

|df |(uk).

f0 : X ! R f1 : X ! R
f = f0 + f1 u 2 D(f0)

lim
r!0+

✓
sup

⇢
|f1(v)� f1(w)|

d(v, w)
; v, w 2 B(u, r), v 6= w

�◆
= 0.

⇠ � f(u),

|dGf |(u, ⇠) = |dGf0 |(u, ⇠ � f1(u)).

|df |(u) = |df0|(u).

⇠ � f(u),

|dGf |(u, ⇠) � |dGf0 |(u, ⇠ � f1(u)).

|dGf0 |(u, ⇠ � f1(u)) = 0,

� 2 (0, |dGf0 |(u, ⇠ � f1(u))). ⇠ > 0

H : B((u, ⇠ � f1(w)), �)⇥ [0, �] ! epi(f0)



f1
✏ B(u, 2�)

�0 2 (0, �]

(v, µ� f1(v)) 2 B((u, ⇠ � f1(u)), �)

(v, µ) 2 B((u, ⇠), �)

K : B((u, ⇠), �0)⇥ [0, �0] ! epi(f)

K((v, µ), t) =

✓
H1

✓
(v, u� f1(v)),

t

1 + ✏

◆
, H2

✓
(v, u� f1(v)),

t

1 + ✏

◆
+ f1

✓
H1

✓
(v, u� f1(v)),

t

1 + ✏

◆◆◆
.

K

f

✓
H1

✓
(v, u� f1(v)),

t

1 + ✏

◆◆
= f0

✓
H1

✓
(v, u� f1(v)),

t

1 + ✏

◆◆

+ f1

✓
H1

✓
(v, u� f1(v)),

t

1 + ✏

◆◆
.

Im(H) ⇢ epi(f0),

f0

✓
H1

✓
(v, u� f1(v)),

t

1 + ✏

◆◆
 H2

✓
(v, u� f1(v)),

t

1 + ✏

◆
.

f

✓
H1

✓
(v, u� f1(v)),

t

1 + ✏

◆
 H2

✓
(v, u� f1(v)),

t

1 + ✏

◆
+ f1

✓
H1

✓
(v, u� f1(v)),

t

1 + ✏

◆◆

K((v, µ), t) K((v, µ), t)

f.

d(K((v,�+f1(v)), 1+✏s), (v,�+f1(v))) = d(H((v,�), s), (v,�+f1(v)�f1(H1((v,�), s)))).

d(H((v,�), s), (v,�+ f1(v)� f1(H1((v,�), s))))  d(H((v,�), s), (v,�)) + |f1(H1((v,�), s))� f1(v)|

 s+ ✏ · d(H1((v,�), s), v)  s+ ✏ · s = (1 + ✏)s.



Gf (K((v, µ), t)) = H2

✓
(v, µ� f1(v)),

t

1 + ✏

◆
+ f1

✓
H1

✓
(v, µ� f1(v)),

t

1 + ✏

◆◆

= Gf

✓
H

✓
(v, µ� f1(v)) ,

t

1 + ✏

◆◆
+ f1

✓
H1

✓
(v, µ� f1(v)),

t

1 + ✏

◆◆

= µ� f1(v)� � ·
t

1 + ✏
+ f1

✓
H1

✓
(v, µ� f1(v)),

t

1 + ✏

◆◆

= Gf (v, µ)� � ·
t

1 + ✏
+ f1

✓
H1

✓
(v, µ� f1(v)),

t

1 + ✏

◆◆
� f1(v)

= Gf (v, µ)� � ·
t

1 + ✏
+ ✏ · d

✓
H1

✓
(v, µ� f1(v)),

t

1 + ✏

◆
, v

◆

 Gf (v, µ))� � ·
t

1 + ✏
+ ✏ · d

✓
H

✓
(v, µ� f1(v)),

t

1 + ✏

◆
, (v, µ� f1(v))

◆

 Gf (v, µ)� � ·
t

1 + ✏
+ ✏ ·

t

1 + ✏

= Gf (v, µ)�

✓
�

1 + ✏
�

✏

1 + ✏

◆
t.

f1 H

|dGf |(u, ⇠) �
�

1 + ✏
�

✏

1 + ✏
✏ > 0 ✏! 0

|dGf |(u, ⇠) � � )

|dGf |(u, ⇠) � |dGf0 |(u, ⇠ � f1(u)).

f0 f f1 (�f1).

X d



u

f : X ! R u 2 D(f).

|rf |(u) =

8
<

:
lim sup f(u)�f(v)

d(u,v) , se

0, se

|rf |(u) f u.

f : X ! R |df |(u)  |rf |(u)

u 2 X.

f

u 2 X

u

|df |(u) = 0

� 2 (0, |df |(u)) H : U ⇥ [0, �] ! R

d(x,H(x, t))  t

f(H(x, t))  f(x)� �t

x 2 U t 2 [0, �].

� 
f(x)� f(H(x, t))

t

� 
f(x)� f(H(x, t))

t


f(x)� f(H(x, t))

d(x,H(x, t))
 lim sup

f(u)� f(v)

d(u, v)
= |rf |(u).

|df |(u) = 0. |df |(u)  |rf |(u).

X A ⇢ X f : A ! R
u 2 D(f) @�f(u)

↵ X 0

lim inf
v!u

f(v)� f(u)� h↵, v � ui

||v � u||
� 0.

@�f(u) f u.



f : R ! R @�f(0)

↵ 2 @�f(0),

lim inf
v!0

f(v)� f(0)� h↵, v � 0i

|v � 0|
� 0 ,

lim inf
v!0

|v|� ↵ · v

|v|
� 0 ,

lim inf
v!0

✓
1� ↵

v

|v|

◆
� 0 ,

↵ 2 [�1, 1].

@�f(0) = [�1, 1].

f : X ! R x 2 D(f). ↵ 2 X 0

f x

h↵, x� xi  f(x)� f(x)

x 2 X. f

x f x @f(x).

@f(x) = ; f(x) /2 R.

f

A ⇢ X f : X ! R u 2 D(f).

g : A ! R u

@�(f + g)(u) = {↵ + dg(u)|↵ 2 @�f(u)}.

↵ 2 @�f, w 2 X

h↵, wi  lim inf
t!0+

f(u+ tw)� f(u)

t
;

A f @�f(u)

↵ 2 @�f, |rf |(u)  ||↵||;

@�f(u) X
0



� 2 @�(f + g)(u) � = � � dg(u) + dg(u)

lim inf
v!u

(f + g)(v)� (f + g)(u)� h�, v � ui

||v � u||
� 0 )

lim inf
v!u

f(v)� f(u)� h� � dg(u), v � ui

||v � u||
+

g(v)� g(u)� hdg(u), v � ui

||v � u||
� 0.

lim
v!u

g(v)� g(u)� hdg(u), v � ui

||v � u||
= 0,

g u

lim inf
v!u

f(v)� f(u)� h� � dg(u), v � ui

||v � u||
� 0.

��dg(u) 2 @�f(u). @�(f+g)(u) ⇢ {↵+dg(u)|↵ 2 @�f(u)}

@�(f + g)(u) = {↵ + dg(u)|↵ 2 @�f(u)}.

v = u+ tw

lim inf
v!u

f(v)� f(u)� h↵, v � ui

||v � u||
= lim inf

t!0+

f(u+ tw)� f(u)� h↵, twi

||tw||
� 0.

h↵, twi

||tw||
=

h↵, wi

||w||
,

t � 0 ↵

h↵, wi

||w||
 lim inf

t!0+

f(u+ tw)� f(u)

||tw||
.

h↵, wi  lim inf
t!0+

||w|| ·
f(u+ tw)� f(u)

||tw||
= lim inf

t!0+

f(u+ tw)� f(u)

t
.

↵ 2 @f(u)

h↵, u� vi  f(u)� f(v).

v 2 A.

0  f(u)� f(v)� h↵, u� vi,



v 2 A.

lim inf
v!u

f(v)� f(u)� h↵, v � ui

||v � u||
� 0.

↵ 2 @�f(u). @f(u) ⇢ @�f(u)

↵ 2 @�f(u).

lim inf
v!u

f(v)� f(u)� h↵, v � ui

||v � u||
� 0.

� > 0

f(v)� f(u)� h↵, v � ui

||v � u||
� 0

v 2 B(u, �) ⇢ A. w 2 A A

[u, w] A v = tu+ (1� t)w t > 0

v 2 B(u, �).

f(v)� f(u)� h↵, v � ui

||v � u||
� 0 )

h↵, tu+ (1� t)w � ui  f(tu+ (1� t)w)� f(u).

f

h↵, (1�t)(w�u)i  f(tu+(1�t)w)�f(u)  tf(u)+(1�t)f(w)�f(u) = (1�t)(f(w)�f(u)) )

h↵, w � ui  f(w)� f(u).

w 2 A, ↵ 2 @f(u). @�f(u) ⇢ @f(u).

@�f(u) = @f(u)

↵ 2 @�f.

||↵|| = lim sup
h↵, u� vi

||u� v||

lim inf
v!u

f(v)� f(u)� h↵, v � ui

||v � u||
� 0.

lim inf
v!u

f(v)� f(u)

||v � u||
� lim sup

v!u

h↵, v � ui

||v � u||
� 0.

|rf |(u) = lim sup
v!u

f(v)� f(u)

||v � u||
 ||↵||.



@�f(u)

↵ 2 @�f(u) (↵n) @�f(u)

↵n ! ↵

X
0

lim inf
v!u

f(v)� f(u)� h↵, v � ui

||v � u||
= lim inf

v!u

f(v)� f(u)� h↵n, v � ui

||v � u||
�

h↵� ↵n, u� vi

||u� v||
.

� lim inf
v!u

f(v)� f(u)� h↵n, v � ui

||v � u||
� lim sup

v!u

h↵� ↵n, u� vi

||u� v||
.

↵n ! ↵

lim sup
n!1

h↵� ↵n, u� vi

||u� v||
= 0.

n0 2 N n > n0

����lim sup
v!u

h↵� ↵n, u� vi

||u� v||

���� < ✏.

lim inf
v!u

f(v)� f(u)� h↵, v � ui

||v � u||
� lim inf

v!u

f(v)� f(u)� h↵n, v � ui

||v � u||
� lim sup

v!u

h↵� ↵n, u� vi

||u� v||
� �✏.

✏ > 0

lim inf
v!u

f(v)� f(u)� h↵, v � ui

||v � u||
� 0.

↵ 2 @�f(u). @�f(u)

@�f(u) ↵, � 2 @�f(u)

[↵, �] ⇢ @�f(u) w = t↵ + (1� t)� 2 [↵, �].

lim inf
v!u

f(v)� f(u)� ht↵ + (1� t)�, v � ui

||v � u||
= t lim inf

v!u

f(v)� f(u)� h↵, v � ui

||v � u||

+ (1� t) lim inf
v!u

f(v)� f(u)� h�, v � ui

||v � u||
� 0.

w 2 @�f(u). [↵, �] ⇢ @�f(u) @�f(u)



X ⇠ : X ! R s.c.i.

⇠(0) = 0

⇠(x) � �||x||

x 2 X z 2 X 0
||z||  1

⇠(x) �< z, x >

x 2 X.

X ⇥ R

A = {(x, t) : ||x|| < �t} B = {(x, t) ; ⇠(x)  t}.

A B B = epi(⇠) A

A \ B = ; ⇠(x) � �||x||.

A B ↵, � 2 R w 2 X 0

hw, xi � ↵t� � � 0, 8(x, t) 2 A,

hw, xi � ↵t� �  0, 8(x, t) 2 B.

(0, 0) 2 A \ B, � = 0. t = �||x||

hw, xi � �↵||x|| ) ↵ �
hw,�xi

||� x||
.

x 2 X.

↵ � sup
x2X

hw,�xi

||� x||
= ||w||

↵ � 0 ||w||  ↵. ↵ = 0 w = 0

↵ > 0

z = w

↵

t = ⇠(x) ||z||  1

hz, xi  t = ⇠(x).

A ⇢ X X

f0 : A ! R f1 : A ! R C1(A)

f = f0 + f1.



|df |(u) = |rf |(u) u 2 D(f).

|df |(u) < +1 @�f(u) 6= ;. u 2 D(f).

|df |(u) = min{||↵|| ; ↵ 2 @�f(u)}.

@�f0(u)

@�f(u) = {↵ + df1(u);↵ 2 @�f0(u)},

@�f(u)

@�f(u) 6= ;

min{||↵|| ; ↵ 2 @�f(u)}.

@�f(u) 6= ; ) |df |(u)  |rf |(u)  min{||↵|| | ↵ 2 @�f(u)}.

0 /2 @�f(u) � > 0

↵ 2 @�f(u) ) ||↵|| > �

@�f(u)

w 2 A

f(w) < f(u)� �||w � u||.

⇠(x) =
f(x+ u)� f(u)

�
.

f ⇠

z 2 X 0
||z||  1

⇠(x) � hz, xi

x 2 X.

lim inf
x!0

f(x+ u)� f(u)� h�z, xi

||x||
� 0.

�z 2 @�f(u). �,

||�z|| > � ) ||z|| > 1.



||z||  1. y 2 X

⇠(y) < hz, yi.

w1 2 A

⇠(w1) < �||w1||.

f(w1 + u)� f(u)

�
< �||w1||

) f(w1 + u)� f(u) < ��||w1||.

w = w1 + u

f(w)� f(u) < ��||w � u||.

f � > 0

f(w) < f(v)� �||w � v||,

v 2 B(u, �) � w /2 B(u, 2�).

H : B(u, �)⇥ [0, �] ! X

H(v, t) = v + t
w � v

||w � v||
.

w B(u, �) H

0 
t

||w � v||
 1 ) f(H(v, t))  f(v) +

t

||w � v||
(f(w)� f(v))

 f(v)� �t.

|df |(u) |df |(u) � �

• @�f(u) = ; ) |df |(u) = 1

• @�f(u) 6= ; ) |df | � min{||↵||;↵ 2 @�f(u)}.

|df |(u) � min{||↵|| ;↵ 2 @�f(u)}.

|df |(u)  |rf |(u)  min{||↵|| ;↵ 2 @�f(u)},

|df |(u) = |rf |(u) = min{||↵|| ; ↵ 2 @�f(u)}.



A ⇢ X

f : A ! R

|df |(u) = ||f 0(u)||

f 0(u) f u.

f0 = 0 f1 = f f

u

@�f(u) = {f 0(u)} 6= ;.

|df |(u) < +1

|df |(u) = min{||↵|| ; ↵ 2 @�f(u)} = min{||f 0(u)||} = ||f 0(u)||.

f : R ! R

@�f(0) = [�1, 1].

min{||↵|| ; ↵ 2 @�f(u)} = 0.

|df |(0) = 0

|df |(0) = min{||↵|| ; ↵ 2 @�f(u)}.

A ⇢ X f

u 2 A.

f �(u;w) = lim sup
v!u
t!0+

f(v + tw)� f(v)

t
,

@f(u) = {↵ 2 X 0; f �(u;w) � h↵, wi; 8w 2 X}.



@f(u) 6= ;

X A ⇢ X f : X ! R
u 2 A,

|df |(u) � min{||↵|| ; ↵ 2 @f(u)}.

min{||↵||;↵ 2 @f(u)} = 0,

0 < � < min{||↵|| ; ↵ 2 @f(u)}.

f �(u, ·)

⇠(x) = 1
�
f �(u; x)

w 2 X

f �(u;w) < ��||w||.

f �(u; ·), ||w|| = 1. � > 0

B(u, 2�) ⇢ A

f(v + tw)  f(v)� �t

v 2 B(u, �) t 2 [0, �]. H : B(u, �) ⇥ [0, �] ! A

H(v, t) = v + tw,

|df |(u) � �.

(�n)

0 < �n < min{||↵|| ; ↵ 2 @f(u)}

�n ! min{||↵|| ; ↵ 2 @f(u)}. n ! 1,

|df |(u) � �n ) |df |(u) � min{||↵||; ↵ 2 @f(u)}.

X

G H

G



G X

⇡ : G⇥X ! X, gx := ⇡(g, x),

1x = x e h(kx) = (hk)x,

h, k 2 G x 2 X.

X G

X G1 = {e}

X G1� ⇢ : H ⇥X ! X ⇢(e, x) = x.

X G = Z2.

⇡ : G⇥X ! X

⇡(1, x) = x e ⇡(�1, x) = �x

X

G · : G ⇥X ! X

O(x) = {g · x | g 2 G}

x

G X, Y G�

f : X ! Y

f(gx) = gf(x)

g 2 G x 2 X.

X Z2

X X g : X ! X

f(1x) = f(x) = 1f(x)

f(�1x) = f(�x) = �f(x) = �1f(x).



X G

E

Fix(G) = {u 2 E | g · u = u g 2 G }.

X G G�

f : X ! Y

f(gx) = f(x)

g 2 G x 2 X.

X Z2

X X g : X ! X

f(1x) = f(x)

f(�1x) = f(�x) = f(x).

X G� U ⇢ X

gx 2 U g 2 G.

X Z2

U ⇢ X V = U [ (�U)

G

(x, y) 2 G⇥G ! xy�1
2 G

p : G⇥G ! G i : G ! G

p(x, y) = xy i(x) = x�1

GL(n,R) n ⇥ n

f : GL(n,R) ! GL(n,R) f(A,B) = A · B

g : GL(n,R) ! GL(n,R) g(A) = A�1

f

R. g



O(n) = {A 2 GL(n,R) ; A · At = I}

GL(n,R) O(n)

GL(n,R) s(n,R) = {A 2 M(n,R) ; A = At
}

n

dim s(n,R) = n

2 (n+ 1) f : M(n,R) ! s(n,R)

f(A) = A · At.

A 2 M(n,R)

(A · At)t = (At)t · At = A · At.

A · At
2 s(n,R) f

O(n) f,

O(n) = f�1(I).

f X, Y 2 M(n,R).

@f

@X
(Y ) = lim

r!0

f(X + rY )� f(X)

r

= lim
r!0

(X + rY )(X + rY )t �XX t

r

= lim
r!0

XX t + rXY t + rY X t + r2Y Y t
�XX t

r
= XY t + Y X t.

I X 2 O(n) S 2 s(n,R) Y = SX

2 2 M(n,R)

@f

@X
(Y ) = X

✓
SX

2

◆t

+
SX

2
X t =

St

2
+

S

2
= S,

@f

@X
(Y ) X 2 f�1(I) = O(n). I

f O(n) C1. O(n)

GL(n,R)

GL(n,R) O(n) O(n)

Z2 = {�1, 1}

Z2
⇠= O(2).



f

f

X G G

G d

X

f : X ! R u 2 X.

|dGf |(u) � [0,1)

U u H : U ⇥ [0, �] ! X

d(H(v, t), v)  t,

f(H(v, t))  f(v)� �t

H(·, t) |dGf |(u)

f u

G

G

f : X ! R
|dGf | : X ! [0,1] s.c.i.

|dGf |

g 2 G

|df |(g · u) = |df |(u).

� > 0 U

u H : U ⇥ [0, �] ! X, � > 0,



d(H(v, t), v)  t

f(H(v, t))  f(v)� �t;

H(g · v, t) = g ·H(v, t).

g 2 G, v 2 U t 2 [0, �].

U1 = g · U ⇢ U U H1 = H|U1 .

d(H1(g · v, t), g · v)  t,

g · v 2 g · U = U1.

f(H(g · v, t))  f(g · v)� �t

g · v 2 g · U. H1 H

H1

|dGf |(g · u)  |dGf |(u).

|df |(gu)

g�1 g

|dGf |

(1.13)

f : X ! R G1

G |dGf |(u)  |dG1 |f(u) u 2 X.

|dGf |(u) = 0

0 < � < |dGf |(u) U

u H : U ⇥ [0, �] ! X

d(H(v, t), v)  t,

f(H(v, t))  f(v)� �t

H(·, t) G G1 G H(·, t) U G1

H

G1

�  |dG1f |(u).



|dG1f |(u) �

|dGf |(u)  |dG1 |f(u).

|df |(u) = |dG1f |(u)

G1 = {e}

G D(f) epi(f)

f : X ! R
f

D(f) = {u 2 X ; f(u) < 1}

epi(f) = {(u, ⇠) 2 X ⇥ R ; f(u)  ⇠}

d((u, ⇠), (v, µ)) = (d(u, v)2 + |⇠ � µ|2)
1
2 .

X epi(f)

G�

· : G⇥ epi(f) ! epi(f)

g · (u, ⇠) = (g · u, ⇠).

g · u g u X.

f Gf

Gf (g · (u, ⇠)) = Gf ((g · u, ⇠)) = ⇠ = Gf (u, ⇠).

f : X ! R u 2 X

R.



|dGGf |(u, f(u)) =

8
<

:

|dGf |(u)
p

1+(|dGf |(u))2
, se |dGf |(u) < 1

1, se |dGf |(u) = 1,

|dGGf |(u, ⇠) = 1, f(u) < ⇠.

f : X ! R u 2 D(f).

|dGf |(u) =

8
<

:

|dGGf |(u,f(u))p
1�(|dGGf |(u,f(u)))2

, se |dGGf |(u, f(u)) < 1

+1, se |dGGf |(u, f(u)) = 1.



X G d

X

f : X ! R s.c.i.

O ⇢ D(f)

|dGf |(u) = 0

u 2 O.



f : X ! R s.c.i. c 2 R
f G c G� (PS)c

(un) D(f)

|dGf |(un) ! 0 f(un) ! c

(un) X.

f (PS)c f

G1 � (PS)c G1 = {e}.

f : X ! R c 2 R f

G� (PS)c, Gf

(xn, ⇠n) (PS)c Gf .

Gf (xn, ⇠n) = c |dGf |(xn, ⇠n) ! 0

Gf (xn, ⇠n) = ⇠n (xn, ⇠n) = (xn, c).

g : R+
\ {1} ! R g(x) = xp

1�x2

|dGf |(un, c) ! 0 ) |df |(un) = g(|dGf |(un, c)) ! 0,

(un) (PS)c f.

f (PS)c, (unk
)

((unk
, c)) ((un, c)) Gf

(PS)c

c 2 R,

Kc := {u 2 D(f) ; |dGf |(u) = 0, f(u) = c} e

f c := {u 2 X ; f(u)  c}.

X

G X G�



X G�

f c 2 R. f G� (PS)c.

✏ > 0 U Kc Kc = ; U = ; � > 0

✏ > 0 ⌘ : X ⇥ [0, 1] ! X

d(⌘(u, t), u)  �t;

f(⌘(u, t))  f(u);

f(u) /2 (c� ✏, c+ ✏) ) ⌘(u, t) = u;

⌘(f c+✏
\ U, 1) ⇢ f c�✏;

⌘(·, t) t 2 [0, 1]

X f 2 C1(X,R)
c 2 R. f (PS)c. ✏ > 0 ✏ > 0

⌘ 2 C(X ⇥ [0, 1], X)

⌘(u, 0) = u, u 2 X;

f(u) /2 [c� 2✏, c+ 2✏] ) ⌘(t, u) = u

⌘(f c+✏, 1) = f c�✏;

⌘(·, t) : X ! X

C1. f

X = {(x, y) 2 R2 : y � |x|}[ ({0}⇥ (�1, 0]) f : X ! R

f(x, y) = �y.

f f (PS)c
c 2 R, (xn, yn) (PS)c,

f(xn, yn) = �yn ! c.



(yn) �c d

(xn, yn) 2 X,

|xn| < yn < d.

(xn) R
(xn) (xnk

) x0.

(xnk
, ynk

) ! (x0,�c).

f (PS)c c 2 R f

U

f ✏

f�✏ ✏ > 0.

f
�✏

f
✏

f�✏ f ✏ R2.

f ✏

f�✏ f ✏
\ {(0, 0)}

f�✏

⌘ f



Y

Y {Vj,� | j 2 N,� 2 ⇤j}

� 6= µ ) Vj,� \ Vj,µ = ;.

{U↵}↵2A Y.

{U↵} Bi

⇤ = {↵0,↵1, · · · ,↵i} A.

{↵↵}↵2A supt�↵ ⇢ U↵ ⇤ 2 Bi

Gi⇤ = {x 2 Y | �↵(x) > 0 se ↵ 2 ⇤ e ��(x) < �↵(x) se ↵ 2 ⇤ e � /2 ⇤}.

x 2 X �↵ Gi⇤

⇤ 6= ⇤0
) Gi⇤ \Gi⇤0 6= ;.

Gi⇤ ⇢
T

↵2⇤ U↵, {Gi⇤} {U↵}. x0 2 Y,

↵i1 ,↵i2 , · · · ,↵im �↵ij
(x0) > 0.

⇤ = {↵i1 ,↵i2 , · · · ,↵im}.

x0 2 G(m�1)⇤ {Gi⇤} Y. O

x0 {↵ 2 A | U↵ \ ✓ 6= ;} A0

Gi⇤ = ; ⇤ ⇢ A0

{Gi⇤}

{Uj,�}

K G� X G

{Vj,�} {Uj,�}

{Vj,�}

g · Vj,� = Vj,�; 8g 2 G

{Vj,�}

U = {Uj,�} K

g · U = {gUj,� | Uj,� 2 U}



gU g · x0 2 gU x0 2 U

�0 > 0 B(x0, �0) ⇢ U g · B(x0, �0) ⇢ gU G

X g · B(x0, �0) = B(g · x0, �0)

g · x0 2 int(gU) gU

\

g2G

gU := {Vj,�}

{Vj,�}

K.

{Vj,�} {Uj,�}

{�j�}

{Vj,�}.

�0
j,�

=
1

|G|

X

g

�g·Vj,�
(g · x)

X

Vj,�

�0
j,�
(x) =

1

|G|

X

g

X

Vj,�

�g·Vj,�
(g · x) =

1

|G|

X

g

1 = 1,

{�j�}

�0
j,�
(h · x) =

1

|G|

X

g

�gVj,�
(gh · x) =

1

|G|

X

g0

�g0Vi,�
(g0 · x)

= �0
j,�
(x).

'h : G ! G 'h(g) = gh

{�0
j�
} {Vj,�}

{Vj,�}

� : X ! R+

|dGf |(u) 6= 0 ) |dGf |(u) > �(u).

⌘ : X ⇥ R+
! X ⌧ : X ! R+

u 2 X t 2 R+,

d(⌘(u, t), u)  t



f(⌘(u, t))  f(u);

t  ⌧(u) ) f(⌘(u, t))  f(u)� �(u)t

|dGf |(u) 6= 0 ) ⌧(u) > 0

⌘(·, t) t 2 R+

|dGf | u |dGf |(u) 6= 0

�u > 0

B(u, �u) ⇢ {v 2 X | |df |(v) 6= 0}.

sup
v2B(u,�u)

�(v) < |df |(u).

�u

Hu : B(u, �u)⇥ [0, �u] ! X

d(Hu(v, t); v)  t;

f(Hu(v, t))  f(v)�
�
sup

v2B(u,�u) �(v)
�
· t.

Hu(·, t)

{B
�
u, �u2

�
| |df |(u) 6= 0}

V := {u 2 X | |df |(u) 6= 0}

� = {Vj,� | j 2 N,� 2 ⇤j}.

{Vk,� | j 2 N;� 2 ⇤j}

{�j,� | j 2 N,� 2 ⇤j}

{Vj,�}. V j,� X W

�j,� X 0 W

�j,� = �uj,�
Hj,� = Huj,�

(j,�) Vj,� ⇢ B�j,�
. ⌧

⌧(x) =

8
<

:

1
4 min{�j,� | u 2 V j,�}, se |dGf |(u) 6= 0

0, se |dGf |(u) = 0.

un ! u. |df |(u) = 0,

0  |dGf |(un) ) |dGf |(u)  |dGf |(un) )



|dGf |(u)  lim inf |dGf |(un).

|dGf |(u) 6= 0, u 2 Vj,� un 2 Vj,� n

Vj,� u

{�j,� | u 2 Vj,�} ⇢ {�j,� | un 2 Vj,�}

n

1

4
min{�j,� | u 2 Vj,�} 

1

4
min{�j,� | un 2 Vj,�}.

|df | |df |(un) 6= 0 n

⌧(u)  ⌧(un) )

⌧(u)  lim inf ⌧(un).

⌧(u) ⌧ : X ! R+

⌧(u) = inf{d(u, v) + ⌧(v) |v 2 X}.

⌧ G.

⌧(g · u) = inf{d(gu, v) + ⌧(v) | v 2 X} = inf{d(gu, gv) + ⌧(gv) | v 2 X}

 g : X ! X  g(x) = g · x y 2 X

 g(g
�1

· x) = g · (g�1
· y) = y.

d(gu, gv) = d(u, v),

{Vj,�} ⌧(gx) = ⌧(x).

⌧(g · u) = inf{d(gu, gv) + ⌧(gv) | v 2 X} = inf{d(u, v) + ⌧(v) | v 2 X} = ⌧(u).

⌧

⌧ un ! u X

⌧(un) = inf{d(un, v) + ⌧(v) |v 2 X}  d(un, v) + ⌧(v)

v 2 X.

lim sup ⌧(un)  lim sup(d(un, v) + ⌧(v))

) lim sup ⌧(un)  d(u, v) + ⌧(v); 8v 2 X

) lim sup ⌧(un)  ⌧(u).



|dGf |(u)

Vj,� |dGf |(v) 6= 0 v 2 Vj,�.

⌧(un) 6= 0; 8un 2 Vj,�

n n0 2 N un 2 Vj,�

u

{�j,� | u 2 Vj,�} ⇢ {�j,� | un 2 Vj,�}

) min{�j,� | un 2 Vj,�}  min{�j,� | u 2 Vj,�}

) ⌧(un)  ⌧(u)

lim sup ⌧(un)  ⌧(u).

⌧ un ! u,

⌧(u)  lim inf ⌧(un),

⌧(un) ! ⌧(u).

|d(un, v) + ⌧(un)� d(u, v)� ⌧(u)|  d(un, u) + |⌧(un)� ⌧(u)|,

✏ > 0 n0 2 N

n > n0 ) |d(un, v) + ⌧(un)� d(u, v)� ⌧(u)| < ✏,

v 2 X.

d(u, v) + ⌧(v)  d(un, v) + ⌧(un) + ✏)

⌧(u)  d(un, v) + ⌧(un) + ✏)

⌧(u)  ⌧(un) + ✏)

⌧(u)  lim inf ⌧(un) + ✏.

✏ > 0.

⌧(u)  lim inf ⌧(un).

lim sup ⌧(un)  ⌧(u)  lim inf ⌧(un) ) ⌧(un) ! ⌧(u)

|dGf |(u) 6= 0.

|df |(u) = 0.

0 = ⌧(u)  ⌧(un) ) lim inf ⌧(un) )



lim sup ⌧(un)  ⌧(u)  lim inf ⌧(un) ) ⌧(un) ! ⌧(u).

⌧

⌧.

|dGf |(v) = 0 ) ⌧(v) = 0

|dGf |(v) 6= 0 ) 0 < ⌧(v) 
1

4
min{�j,� | v 2 V j,�} <

1

2
min{�j,� | v 2 Vj,�}

⌘h : {(v, t) 2 X ⇥ [0,1] | t  ⌧(v)} ! X

A1 d(⌘h(v, t), v) 
⇣P

h

j=1

P
�2⇤j

�j,�(v)
⌘
t

B1 f(⌘h(v, t))  f(v)� �(v)
⇣P

h

j=1

P
�2⇤j

�j,�(v)
⌘
t

C1 ⌘h(·, t)

⌘1(v, t) =

8
<

:
H1,�(v,�1,�(v)t), se v 2 V1,�

v, se v /2
S

�2⇤1
V1,�.

⌘1 (A1), (B1) (C1)

A1

v /2
[

�2⇤1

V1,� ) d(⌘1(v, t), v) = d(v, v) = 0  �1,�(v)t.

v 2

[

�2⇤1

V1,� ) d(⌘1(v, t), v) = d(H1,�(v,�1,�(v)t), v)  �1,�(v)t.

B1 v /2
S

�2⇤1
V1,�,

f(⌘1(v, t)) = f(v)  f(v)� �(v)�1(v)t,

�1(v) = 0 v /2
S

�2⇤1
V1,� �1

v 2 Vh,�, H1,�

f(⌘1(v, t)) = f(H1,�(v,�1,�(v)t))

 f(v)�

 
sup

v2B(u,�u)
�(v)

!
�1(v)t

 f(v)� �(v)�(v)t.

C1 ⌘1(·, t)



V1,� � 2 ⇤1 )
�S

�2⇤1
V1,�

�c

�S
�2⇤1

V1,�

�c

v0 2
�S

�2⇤1
V1,�

�c
g 2 G g · v /2

�S
�2⇤1

V1,�

�c

g · v 2
�S

�2⇤1
V1,�

�

gv 2 V1,� � 2 ⇤1. V1,�

v = g�1
· (g · v) 2 V1,� ⇢

�S
�2⇤1

V1,�

�
,

�S
�2⇤1

V1,�

�c

�S
�2⇤1

V1,�

�c
v 2

�S
�2⇤1

V1,�

�c

gv 2
�S

�2⇤1
V1,�

�c

⌘1(gv, t) = gv = g⌘1(v, t).

v 2 V1,� gv 2 V1,� �1,�

⌘1(gv, t) = H1,�(gv,�1,�(gv)t)

= gH1,�(gv,�1,�(v)t)

= g ⌘1(v, t).

⌘n�1 (A1), (B1) (C1)

v 2 Vn,� t 2 [0, ⌧(v))

d(⌘n�1(v, t), v) 

0

@
n�1X

j=1

X

�2⇤j

�j,�(v)

1

A t  ⌧(v) <
1

2
�n,�

⌘(v, t) 2 B(un,�, �n,�).

⌘n(v, t) =

8
<

:
Hn,�(⌘n�1(v, t),�n,�(v)t), se v 2 Vn,�

⌘n�1(v, t), se v /2
S

�2⇤1
V1,�

(A1), (B1) (C1)

n = 1.

{Vj,�} u

|dGf |(u) 6= 0, U u n0 2 N

⌘n(v, t) = ⌘n0(v, t)

v 2 U t 2 [0, �(v)) n � n0. ⌘ : X⇥ [0,1] ! X

⌘(u, t) = lim
n

⌘n(u,min{t, ⌧(u)})



(u, t) |df |(u) 6= 0. (A1) (B1)

d(⌘(u, t), u) = lim
n

d(⌘n(u,min{t, ⌧(u)}), u)

 lim
n

min{t, ⌧(u)} = min{t, ⌧(u)}  t,

⌘.

⌘

f(⌘(u, t), u) = f(lim
n

⌘n(u,min{t, ⌧(u)}))

= lim
n

f(⌘n(u,min{t, ⌧(u)}))

 lim
n

f(u) = f(u).

⌘

(B1) ⌘n

t  ⌧(u) ) f(⌘(u, t))  f(lim
n

⌘n(u,min{t, ⌧(u)}))

= lim
n

f(⌘n(u,min{t, ⌧(u)}))

 lim
n

0

@f(u)� �(u)

0

@
nX

j=1

X

�2⇤j

�j,�(v)

1

Amin{t, ⌧(u)}

1

A

= f(u)� �(u)min{t, ⌧(u)}

 f(u)� �(u)t,

⌘ (u, t) |df |(u) = 0.

⌧ (D)

⌧(u) = 0 ) |dGf | = 0.

⌧(u) = 0,

inf{d(u, v) + ⌧(v) |v 2 X} = 0.

d(u, v) = 0 ! u = v

⌧(v) = 0 ) ⌧(u) = 0

|dGf |(u) = 0. ⌘(·, t)

⌘(gu, t) = lim
n

⌘n(gu,min{t, ⌧(gu)})

= lim
n

g⌘n(u,min{t, ⌧(u)})

= g lim
n

⌘n(u,min{t, ⌧(u)})

= g⌘(u, t),



g 2 G. ⌧

X G f : X ! R
C ⇢ X �, � > 0

d(u, C)  � ) |dGf |(u) > �.

⌘ : X ⇥ [0, �] ! X

d(⌘(u, t), u)  t;

f(⌘(u, t))  f(u);

d(u, C) � � ) ⌘(u, t) = u;

u 2 C ) f(⌘(u, t))  f(u)� �t;

⌘(·, t) t 2 [0, 1].

' : X ! R

'(u) =

8
<

:
�, se d(u, C)  �

�1, se d(u, C) > �

|dGf |

�(u) < |dGf |(u),

u 2 X. �̂ : X ! [0,1)

�(u) < �̂(u) < |dGf |(u),

u 2 X.

d(u, C)  � ) �̂(u) = �

�̂(u) < |dGf |(u).

� = min{�̂+, �}

d(u, C)  � ) �(u) = � e

|dGf |(u) 6= 0 ) �(u) < |dGf |(u).

⌘1 : X ⇥ [0,1) ! X ⌧1 : X ! [0,1)

�

⌘n(u, t) =

8
<

:
⌘n�1(u, t), se 0  t  ⌧n�1

⌘1(⌘n�1(u, ⌧n�1(u)), t� ⌘n�1(u)), se t � ⌧n�1(u),



⌧n(u) = ⌧n�1 + ⌧1(⌘n�1(u, ⌘n�1(u))).

(u, t) d(u, C) + t  �,

lim
n

⌧n(u) > t.

⌧n(u)  t n.

d(⌘n(u, ⌧n(u)), ⌘n�1(u, ⌧n�1(u)))  ⌧n(u)� ⌧n�1(u),

d(⌘n(u, ⌧n(u)), C)  d(⌘n(u, ⌧n(u)), u) + d(u, C)  ⌧n(u) + d(u, C)

(⌘n(u, ⌧n(u))) {v | d(u, C)  �}

lim
n

⌘n(u, ⌧n(u)) = v.

⌧1(v) = lim
n

⌧1(⌘n(u, ⌧n(u))) = lim
n

(⌧n+1(u)� ⌧n(u)) = 0,

⌘(u, t) = limn ⌘n(u, t).

f(⌘(u, t))  f(u)� �t.

⌘ ⌘(u, t) = ⌘(u, (� � d(u, C))+)

d(u, C) + t � �. ⌘

X G�

f c 2 R. f G� (PS)c.

✏ > 0 U Kc Kc = ; U = ; � > 0

✏ > 0 ⌘ : X ⇥ [0, 1] ! X

d(⌘(u, t), u)  �t;

f(⌘(u, t))  f(u);

f(u) /2 (c� ✏, c+ ✏) ) ⌘(u, t) = u;

⌘(f c+✏
\ U, 1) ⇢ f c�✏;

⌘(·, t) t 2 [0, 1].



✏ > 0, U Kc � > 0.

f 1. G� PS

c, Kc r > 0 B(Kc; 2r) ⇢ U

�, � > 0 2� < ✏, �  r

c� 2�  f(u)  c+ 2�

u /2 B(Kc; r) ) |dGf | > �.

C = {u 2 X | c� �  f(u)  c+ �, u 2 B(Kc; 2r)}.

f 1

d(u, C)  � ) |dGf |(u) > �.

⌘0 : X ⇥ [0, �] ! X

�  �

⌘ : X ⇥ [0, 1] ! X ⌘(u, t) = ⌘0(u,�t). (a) (b)

f 1 f(u) /2 (c�✏, c+✏)

d(u, C) � � ⌘(u, t) = u. ✏ = min{��

2 , �}. u 2

f c+✏
\ U

f(u) � c� ✏, u 2 C

f(⌘(u, 1)) = f(⌘0(u,�))  f(u)� ��  c+ ✏� ��  c� ✏.

u 2 f c+✏
\ U f(u)  c� ✏, (b) f(⌘(u, 1))  c� ✏.

epi(f) X ⇥ R epi(f)

Kc Gf c. f

(G�PS)c Gf

(U⇥R)\epi(f) Kc Gf

1. Gf ✏ > 0

⌘ = (⌘1, ⌘2) : epi(f)⇥ [0, 1] ! epi(f)

d(⌘(u, t), u)  �t;

⌘2((u, ⇠), t)  ⇠;

⇠ /2 (c� ✏, c+ ✏) ) ⌘((u, ⇠), t) = (u, ⇠)

⇠  c+ ✏, u /2 U ) ⌘2((u, ⇠), 1)  c� ✏



⌘(·, t) t 2 [0, 1]

⌘ : X ⇥ [0, 1] ! X ⌘(u, t) = ⌘1((u, f(u)), t).

⌘ epi(f), f(⌘1((u, f(u)), t))  ⌘2((u, f(u)), t). ⌘

X f : X ! R
G = Z2 X Z2

(Vn)

X

Z X ⇢ > 0 ↵ > f(0)

X = V0 � Z ||u|| = ⇢) f(u) � ↵; 8u 2 Z

(Rn) (⇢,1)

8u 2 Vn com ||u|| � Rn ) f(u)  f(0).

c � ↵ Gf (PS)c;

|dGGf |(0, ⇠) 6= 0 ⇠ � ↵.

(un, ⇠n) epi(f) |dGf |(un, ⇠n) = 0

Gf (un, ⇠n) = ⇠n ! 1.



Z2.

X f : X ! R
|dZ2f |(u) = |df |(u) u 6= 0.

f : X ! R Z2

X.

|dZ2f |(u)  |dG1f |(u) = |df |(u)

G1 G1 G. �,

0 < � < |dGf |(u, ⇠) � > 0

H =: B(u; �)⇥ [0, �] ! X

d(H(v, t), v)  t

f(H(v, t))  f(v)� �t

v 2 B(u, �) t 2 [0, �]. �

� < ||u|| B(u, �) \ B(�u, �) = ;

K : (B(u, �) [ B(�u, �))⇥ [0, �] ! epi(f)

K(v, t) =

8
<

:
H(v, t), se v 2 B(u, �)

H(�v, t), se v 2 B(�u, �).

H K

K(·, t)

K((�1) · (v, t)) = K(�v, t) = (�1) ·K(v, t).

K

K

�  |dZ2f |(u)

|df |(u)

|df |(u)  |dZ2f |(u).



|df |(u) = |dZ2f |(u).

f(0) = 0.

Gf : epi(f) ! R. |dZ2Gf |(u, ⇠) = |dGf |(u, ⇠)

u 6= 0. Gf G� (PS)c c � ↵.

Kc ⇢ (X \ {0})⇥ {c}; 8c � ↵,

Kc Gf (u, ⇠) 2 Kc

Gf (u, ⇠) = ⇠ = c > ↵ > f(0) = 0.

(u, ⇠) = (u, c) 6= (0, 0) Kc ⇢ X ⇥ {c}.

(0, c) 2 Kc, |dGGf |(0, c) = 0,

(0, c) /2 Kc. Kc ⇢ (X \ {0})⇥ {c}.

⌃ = {A | A X, 0 /2 A A 0

A 2 ⌃, �(A) A

K = dimV0, dimVn = n + k

n 2 N. Dn = BRn , BRn Rn.

�n = {' 2 C(Dn, epi(f)) | ' '(u) = (u, 0), 8u 2 @BRn \ Vn} e

�j = {'(Dn \ Y ) | ' 2 �n, n � j, Y 2 ⌃ e �(Y )  n� j}.

j > k B 2 �j, B \ @B⇢ \ Z 6= ;.

B = h(Dm \ Y ), h 2 �m, Y 2 ⌃ �(Y )  m� j.

Ô = {x 2 Dm | h(x) 2 B⇢}.

0 2 Ô h O

0

Ô = h�1(B⇢) \Dm = h�1(B⇢) \ (BRm \ Vm).

h h�1(B⇢) Ô Vm, O

Vm.



�(@O) = m. h(@O) ⇢ @B⇢,

Rm > 0 f(x)  0 x 2 Vm \ BRm , m

K

@B⇢ \ Z \ Vm 6= ;.

f@B⇢\Z\Vm � ↵ > 0

Rm ⇢. x 2 @O,

h(x) 2 B⇢, h x 2 int(B⇢),

Vx ⇢ Dm

h(Vx) ⇢ B⇢ ) Vx ⇢ Ô

x 2 @O. x 2 @Dm Vm,

h ⇠= Id @O.

Rm = ||x|| = ||h(x)|| < ⇢

h(x) 2 @B⇢. h(@O) ⇢ @B⇢.

W = {x 2 Dm | h(x) 2 @B⇢} @O ⇢ W

m = �(@O)  �(W )  m ) �(W ) = m.

�(W \ Y ) � �(W )��(Y ) � m� (m� j) = j > k. h|
W\Y

�(h(W \ Y )) > k.

Z k

; 6= h(W \ Y ) \ Z ⇢ (B \ @B⇢ \ Z).

B \ @B⇢ \X 6= ;.

�j 6= ; 8j 2 N.

�j+1 ⇢ �j;

 2 C(epi(f), epi(f))  (u, 0) = (u, 0)

u 2 @BRn \ Vn n � j,  (B) 2 �j B 2 �j.

B 2 �j, s 2 ⌃ �(S)  s  j, B \ (S ⇥ R) 2 �j�s.



B 2 �j L = {(u, ⇠) 2 epi(f) | u 2 X, ||u|| = ⇢}, B \ L = ;

I|Dm 2 �m, 8m � j, Y = ;.

B = h(Dm \ Y ) 2 �j+1, B 2 �m m � j + 1 > j, Y 2 ⌃

�(Y )  m� j � 1 < m� j.

B 2 �j.

B = h(Dm \ Y ) 2 �j  

h Z2

' � h 2 C(Dm, epi(f))

' � h(u) = (u, 0) @BRm \ Vm. ' � h 2 �m,m � j �(Y )  m � j,

' � h(Dm \ Y ) 2 �j.

B = h(Dm \ Y ) 2 �j, g 2 �m,m � j, Y 2 ⌃(E) �(Y )  m � j.

Z 2 ⌃,

B \ Z = h(Dm \ (Y [ h�1(Z ⇥ R))).

h(Dm \ (Y [ h�1(Z ⇥ R))) = h(Dm \ (Y [ h�1(Z ⇥ R)c)
= h(Dm \ (Y c

\ h�1(Z ⇥ R)c)
= h((Dm \ Y c) \ (Dm \ h�1(Z ⇥ R)c))
= h((Dm \ Y ) \ (Dm \ h�1(Z ⇥ R)))
⇢ h(Dm \ Y ) \ h(Dm \ h�1(Z ⇥ R)).

x 2 Dm \ h�1(Z ⇥ R) ) x /2 h�1(Z ⇥ R) ) h(x) /2 (Z ⇥ R) ) h(x) 2 Zc
⇥ R.

h(Dm \ h�1(Z ⇥ R)) ⇢ Zc
⇥ R

h(Dm \ (Y [ h�1(Z ⇥ R))) ⇢ (B \ (Z ⇥ R))c = B \ (Z ⇥ R)
⇢ B \ (Z ⇥ R).

b 2 B \ (Z ⇥ R), b = h(w) w 2 Dm \ Y

w /2 h�1(Z⇥R). (wn) Dm \Y



w. Z ⇥ R h

h�1(Z ⇥ R) w /2 h�1(Z ⇥ R) n

wn /2 h�1(Z ⇥ R),

wn 2 (Dm \ (Y [ h�1(Z ⇥ R)))

n w 2 (Dm \ (Y [ h�1(Z ⇥ R))).

B \ Z ⇢ h((Dm \ (Y [ h�1(Z ⇥ R)))).

dim(Vm) < 1 h((Dm \ (Y [ h�1(Z ⇥ R)))) ⇢ Vm

(Dm \ (Y [ h�1(Z ⇥ R)))
h

h((Dm \ (Y [ h�1(Z ⇥ R))))

B \ Z ⇢ h((Dm \ (Y [ h�1(Z ⇥ R)))).

B \ Z = h((Dm \ (Y [ h�1(Z ⇥ R)))).

h�1(Z ⇥ R) 2 ⌃.

0 /2 h�1(Z ⇥ R). 0 /2 Dm h

h�1(Z ⇥ R) Z ⇥ R h

h�1(Z ⇥ R) Dm, Dm

h�1(Z ⇥ R)

h�1(Z ⇥ R) Z2.

u 2 h�1(Z ⇥ R) ) 9(w, ⇠) 2 Z ⇥ R h(u) = (w, ⇠).

h

h(�u) = �h(u) = (�w,�⇠) 2 Z ⇥ R

Z �u 2 h�1(Z ⇥ R) 2 ⌃.

�(h�1(Z ⇥ R) [ Y )  �(h�1(Z ⇥ R)) + �(Y )

 �(Z ⇥ R) + �(Y )

 s+ (m� j) = m� (j � s).

h

�(Z ⇥ R)  s  j.

B \ (Z ⇥ R) = h(Dm \ (Y [ h�1(Z ⇥ R))) 2 �j�s.



⇡ : X ⇥ R ! X.

B \ L 6= ; , ⇡(B) \ @B⇢ \ Z 6= ;.

(u, ⇠) 2 B \ L,

u 2 Z, ||u|| = ⇢ e ⇡(u, ⇠) = u )

u 2 ⇡(B) \ @B⇢ \ Z ) ⇡(B) \ @B⇢ \ Z 6= ;.

u 2 ⇡(B) \ @B⇢ \ Z, u 2 ⇡(B) ⇠ 2 R
(u, ⇠) 2 B ⇢ epi(f). (u, ⇠) 2 L.

(u, ⇠) 2 B \ L ) B \ L = ;.

B = '(Dm \ Y ). ⇡ � ' 2 C(Dm, X)

⇡ � ' = id @Br \ Vm

⇡(B) \ @B⇢ \ Z 6= ; ) B \ L 6= ;.

(5)

cj = inf
B2�j

max
(u,⇠)2B

Gf (u, ⇠), 8j 2 N

Gf j > k, cj � ↵ > 0.

j > k B 2 �j

⇡(B) \ @B⇢ \X 6= ;. f |@B⇢\Z � ↵,

(u, ⇠) 2 B \ @B⇢ \ Z ) Gf (u, ⇠) = ⇠ � f(u) � ↵.

max
(u,⇠)2B

Gf (u, ⇠) � ↵, 8B 2 �j )

cj = inf
b2�j

max
(u,⇠)2B

Gf (u, ⇠) � ↵ > 0.

j > k cj = cj+1 = · · · = cj+p = c, �(Kc) � p+ 1.

f(0) = 0 c � ↵ > 0, 0 /2 Kc. Kc 2 ⌃,

f 0 /2 Kc Gf (PS)c Kc

�(Kc)  ⇢. � > 0

�(N�(Kc)) = �(Kc)

U = N�(Kc) ✏ = ↵

2 ,

✏ 2 (0, ↵2 ) ⌘(t, ·) : epi(f) ! epi(f)



d(⌘(u, t), u)  �t;

Gf (⌘(u, t))  Gf (u);

Gf (u) 2 (c� ✏, c+ ✏) ) ⌘(u, t) = u;

⌘(Gc+✏

f
\ U, 1) ⇢ G

c�✏

f
;

⌘(·, t) Z2, t 2 [0, 1].

B 2 �j+p maxu2B I(u)  c+✏.

B \ U 2 �j

Rm > 0

f(u) < f(0) = 0; 8u 2 @BRm \ Vm; 8m 2 N

c� ✏ > c� ↵ > 0, ⌘(·, t) 2 �m, m > k.

U

⌘(B \ U, 1) 2 �j.

c  max
u2⌘(B\T ,1)

Gf (u)  c� ✏) ✏ < 0

j > k �(Kcj) � 1.

Kcj 6= ; uj Gf Gf (uj) = cj.

cj ! 1, quando j ! 1.

�j, cj  cj+1.

(cj)

c 2 R
cj ! c

j > k, c > cj. c = cj,

j > k �(Kc) = 1

Kc

K = {u 2 epi(f) | ck+1  Gf (u)  c e |dGf |(u) = 0}.

Gf (PS)c, c � ↵, K

�(K) < 1 � > 0

q = �(N�(K)) = �(K).

s = max{q, k+1}, U = N�(K) ✏ = c� cs
✏ 2 (0, ✏) ⌘(·, t) : epi(f)⇥ [0, 1] ! epi(f)



d(⌘(u, t), u)  �t; para algum � > 0.

Gf (⌘(u, t))  Gf (u);

Gf (u) 2 (c� ✏, c+ ✏) ) ⌘(u, t) = u;

⌘(Gc+✏

f
\ U, 1) ⇢ G

c�✏

f
;

⌘(·, t) Z2, t 2 [0, 1].

j 2 N cj > c� ✏ cj ! c,

B 2 �j+s

max
u2B

Gf (u)  c+ ✏.

B \ U 2 �j

m 2 N, Rm > 0

f(u)  f(0) = 0 ; 8u 2 @BRm \ Vm.

c� ✏ > 0,

⌘ 2 �m; 8m > k

U,

⌘(1, B \ U) 2 �j.

c  max
u2⌘(1,B\U)

I(u)  c� ✏,

(cj)

(un, ⇠n) Gf Gf (un, ⇠n) ! 1.

f.

(epi)c Gf

f.

c 2 R. f (epi)c ✏ > 0

inf{|dGf |(u,�) | f(u) < �, |�� c| < ✏} > 0.

X f : X ! R
f (epi)c,

|dGf |(u, ⇠) = 0 ) ⇠ = f(u) ) |df |(u) = 0.



|dGf |(u, ⇠) = 0,

|dGf |(u, ⇠) /2 {|dGf |(u,�) |f(u) < �, |�� c| < ✏} )

f(u) � ⇠ ) f(u) = ⇠.

(u, ⇠) 2 epi(f), f(u) � ⇠. f(u) = ⇠.

|df |(u) =

8
<

:

|dGf |(u,f(u))p
1�(|dGf |(u,f(u)))2

, se |dGf (u)| < 1

+1, se |dGf |(u) = 1.

|df |(u) =
|dGf |(u, f(u))p

1� (|dGf |(u, f(u)))2
=

0
p
1� 02

= 0.

u f.

X f : X ! R
G = Z2 X Z2

(Vn)

X

Z X ⇢ > 0 ↵ > f(0)

X = V0 � Z ||u|| = ⇢) f(u) � ↵; 8u 2 Z

(Rn) (⇢,1)

u 2 Vn, ||u|| � Rn ) f(u)  0.

c � ↵ f (PS)c (epi)c.

|dZ2Gf |(0, ⇠) 6= 0 ⇠ � ↵.

(un) f f(un) ! 1.

f

Gf (PS)c c � ↵.

(xk, ⇠k)

Gf

f(xk) = Gf (xk, f(xk)) ! 1.

(xk) f



��u+ !u = u log u2.

u 2 H1(Rn)

J(u) =
1

2

Z
|ru|2 +

! + 1

2

Z
|u|2 �

1

2

Z
G(u),

G : R ! R

G(s) =

8
><

>:

s2 log(s2), se s 6= 0

0, se s = 0.

J



↵ � 1.

x↵ > log x2

x

f : R⇤
! R

f(x) = x↵
� log x2 x 2 (0, 1),

log x2 < 0 < x↵

f(x) � 0 x 2 (0, 1) x � 1.

x↵
� x x � 1 g(x) = x� log x2

x � 1

ex � x2

) x = log ex � log x2.

g(x) � 0

f(x) � 0 ) x↵
� log x2.

x > 0.

h : R+
! R h(x) = log(x2). � > 0

K > 0 |h(x)| < |x|� |x| > K.

lim
log(x2)

x�
= 0.

M1 > 0 log x2 < |x|� |x| > M1.

h M > 0

|h(x)| < M,

x 2 (0,M1].

|h(x)| < M + |x|�,

x 2 R+.

J (PS)c

c 2 R. G, g : R ! R



G(s) =

8
><

>:

s2 log(s2), se s 6= 0

0, se s = 0

g(s) =

8
><

>:

s log(s2), se s 6= 0

0, se s = 0.

G g

0

G1(s) := (s2 log s2)� e

G2(s) := (s2 log s2)+.

u 2 H1
loc
(RN) v 2 H1(RN) \ L1

c
(RN),

g(u)v 2 L1(RN) g(u) 2 L1
loc
(RN)

Z
|g(u)v| =

Z

{|u|1}
|g(u)v|+

Z

{|u|>1}
|g(u)v| 

Z

{|u|1}\suptv
|g(u)k|+

Z

{|u|>1}\suptv
|g(u)k|,

k > 0 |v|1 < k.
Z

|g(u)v|  C1 + k

Z

{|u|>1}\suptv
|g(u)|,

C1

Z

{|u|1}\suptv
|g(u)k|  C1,

g {|u|  1}\suptv

� 2 (0, 2⇤ � 1] K1 > 0

|u| > K1 ) log |u|2  |u|�.

Z

{u>1}\suptv
|g(u)| =

Z

{1uK1}\suptv
|g(u)|+

Z

{u>K1}\suptv
|g(u)|

 C2 +

Z

{u>K1}\suptv
|u log u2

|

 C2 +

Z

{u>K1}\suptv
|u|1+�.



C2 > 0

C1 C > 0

Z
|g(u)v|  C

✓
1 +

Z

{u>K1}\suptv
|u|1+�

◆
< 1,

u 2 H1
loc
(RN) H1

loc
(RN) ,! L1+�

loc
(RN) � 2 (0, 2⇤ � 1].

g(u)v 2 L1(RN) v 2 H1(RN) \ L1
c
(RN). K ⇢ RN

'k 2 C1
c
(RN)

'K(x) = 1; 8x 2 K

0  'K(x)  1; 8x 2 RN

'k(x) = 0; x d(x,K) > 1.

'K 2 H1(RN) \ L1
c
(RN)

Z

K

|g(u)| 

Z

RN

|g(u)'k| < 1.

g(u) 2 L1
loc
(RN).

u 2 H1(RN) v 2 H1(RN) \ L1
c
(RN),

hJ 0(u), vi :=

Z
rurv + !

Z
uv �

Z
uv log u2.

hJ 0(u), ·i J J

u

u 2 H1(RN) J(u) 2 R |dJ |(u) < 1.

g(u) 2 L1
loc
(RN) \H�1(RN) v 2 H1(RN) \ L1

c
(RN),

|hJ 0(u), vi|  |dJ |(u)||v||.

v 2 H1(RN) (g(u)v)+ 2 L1(RN) (g(u)v)� 2 L1(RN)

g(u)v 2 L1(RN) J 0(u)

H�1(RN).



@J(u) 6= ; |dJ |(u) � min{||↵||⇤ | ↵ 2 @J(u)}

|dJ |(u) < 1, || · ||⇤ H�1(RN).

T (u) =
1

2
||r(u)||22 +

! + 1

2
||u||22

Q(u) = �
1

2

Z
u2 log u2.

[10], @J(u) ⇢ @T (u) + @Q(u) @J(u) 6= ;,

@Q(u) q : RN
⇥R ! R q(x, t) = �t�g(t)

�u� g(u) 2 L1
loc
(RN) \H�1(RN)

g(u) 2 L1
loc
(RN) \H�1(RN),

@Q(u) = {�u log u2
� u}.

J = T +Q T

@T (u) = {ru+ !u}.

@J(u) ⇢ {ru+ !u}+ {�u log u2
� u}

) @J(u) = {ru+ !u}+ {�u log u2
� u}.

@J(u) = {J 0(u)} J 0(u)

||J 0(u)||⇤  |dJ |(u) )����hJ
0(u),

v

||v||
i

����  ||J 0(u)||⇤  |dJ |(u)| )

|hJ 0(u), vi|  |dJ |(u) · ||v||

J

(uk) H1(RN)

uk ! u em H1(RN).

uk ! u em L2(RN)



uk ! u RN

G1

G1(uk) ! G1(u) RN

lim inf(G1 � uk)(x) = (G1 � u)(x) RN .

Z
(G1 � u) =

Z
lim inf(G1 � uk)  lim inf

Z
G1(uk).

G2

� 2 (0, 2+ � 2], C� > 0

G2(s)  C�|s|
2+�; 8s 2 R

uk ! u L2+�(R)N .

h 2 L2+�(RN)

|uk(c)|  |h(x)|

RN .

G2(uk(x))  C�|h(x)|
2+�

2 L1(RN).

Z
G2(u) = lim

k

inf G2(uk).

G(s) = G2(s)�G1(s),

Z
G(u)  lim inf

K

Z
G(uk).

J(u)  lim inf
K

J(uk)

J

(PS)c J H1
rad

(RN).



(uk) (PS)c J H1(RN) J

J(uk) ! c |dJ |(uk) ! 0.

hJ 0(uk), vi = o(1)||v||; 8v 2 H1(RN) \ L1
c
(RN),

o(1)

o(1) ! 0, quando ||v|| ! 0.

J 0(uk) ! 0, quando k ! 1 em H�1(RN).

u 2 H1(RN), � > 0

G2(s)  C�|s|2+� H1(RN) ,! L2+�(RN),
Z

|G2(s)| =

Z
G2(s)  C�

Z
|u|2+� < 1 ) G2 2 L1(RN).

uk

hJ 0(uk), uki =

Z
|ruk|

2 + !

Z
u2
k
+

Z
u2
k
�

Z
u2
k
log u2

k
.

J(u)

hJ 0(uk), uki = 2J(uk)�

Z
u2
k

||uk||
2
2 = 2J(uk)� hJ 0(uk), uki  2C1 + o(1)||uk||

C1 > 0 (J(uk)).

Z
u2 log u2


a2

⇡
||ru||22 + (log ||u||22 � n(1 + log a))||u||22, 8u 2 H1(RN), a > 0.

||uk||
2 = ||ruk||

2
2 + ||uk||

2
2 = 2J(uk)� !||uk||

2
2 +

Z
u2
k
log u2

k

) ||uk||
2

 2J(uk)� !(2J(uk)� hJ 0(uk), uki) +

Z
u2
k
log u2

k

) ||uk||
2

 (2� 2!)J(uk) + ! · ||uk||o(1) +

Z
u2
k
log u2

k
.

hJ 0(uk), uki = o(1)||uk||, J(uk) ! c,

C2 > 0

|(2� 2!)J(uk)| < C2.



||uk||
2
 C2 + !||uk||o(1) +

a2

⇡
||ruk||

2
2 + (log ||uk||

2
2 � n(1 + log a))||uk||

2
2.

log s  s1+�, � 2 (0, 1)

||uk||
2
 C2 + !||uk||o(1) +

a2

⇡
||ruk||

2
2 + ((||uk||

2
2)

1+�
� n(1 + log a))||uk||

2
2.

a > 0 d := a

⇡
< 1 1 + log a < 0.

[(||uk||
2
2)

1+�
�n(1+log a)]||uk||

2
2  [(2C1+o(1)||uk||)

1+�
�n(1+log a)]�(2C1+o(1)||uk||)

1+�.

(1�d)||uk||
2
 C2+!||uk||o(1)+[(2C1+o(1)||uk||)

1+�
�n(1+log a)]�(2C1+o(1)||uk||)

1+�.

||uk||o(1) ! 0 (||u||k)

H1(RN) (uk) H1
rad

(RN).

J |H1
rad(RN ) (PS)c c 2 R.

(uk) (PS)c J H1
rad

(RN).

(uk) H1
rad

(RN). H1(RN)

u 2 H1(RN)

uk * u H1(RN) H1
rad

(RN) H1(RN).

uk ! u Lp(RN)

uk * u RN .

Z
rurv + !

Z
uv =

Z
uv log u2, 8v 2 H1(RN) \ L1

c
(RN).

v 2 H1(RN) \ L1
c
(RN) vR(uk)v R > 0,

vR : R ! [0, 1]

vR(s) = 1 |s|  R;

vR(s) = 0 |s| � 2R;

v0
R
(s)  c

R



vR(uk)v 2 H1(RN) \ L1
c
(RN),

uk 2 H1(RN) vR(uk) 2 H1(RN)

(uk)

hJ 0(uk), vR(uk)vi =

Z
rukr(vR(uk)v) + !

Z
ukvR(uk)v �

Z
ukvR(uk)v log u

2
k
.

Lk :=

����
Z

vR(uk)rukrv + !

Z
vR(uk)ukv �

Z
vR(uk)ukv log u

2
k
� hJ 0(uk), vR(uk)vi

����

Lk =

����
Z

vR(uk)rukrv �

Z
rukr(vR(uk)v)

���� .

r(vR(uk)v) = v0
R
(uk)(ruk)v + vR(uk)rv.

Lk =

����
Z

vR(uk)rukrv �

Z
v0
R
(uk)v|ruk|

2
�

Z
vR(uk)rukrv

����)

Lk =

����
Z

v0
R
(uk)v|ruk|

2

���� 
C1

R
·

Z
|ruk|

2


C2

R
,

C1 = C · ||v||1 C2 (C1
R
||uk||

2
2).

����
Z

vR(uk)rukrv + !

Z
vR(uk)ukv �

Z
vR(uk)ukv log u

2
k
� hJ 0(uk), vR(uk)vi

���� 
C2

R
.

hJ 0(uk), vR(uk)vi ! 0

vR(uk)rv ! vR(u)rv L2(RN)
Z

vR(uk)rukrv !

Z
vR(u)rurv.

(vR(uk)uk log u2
k
) L2

loc
(RN)

� > 0 2 + 2� 2 [2, 2⇤].

M > 0 log x2
 M + |x|�.

|vR(uk(x))| < 1, x 2 RN

Z

K

|vR(uk)uk log u
2
k
|
2
 C1+

Z

K

|vR(uk)|·|uk|·|uk|
�
|
2
 C1+

Z

K

uk
2+2� = C1+||uk||

2+2�
L2+2�(K).



H1
rad

(RN) ,! Lq(RN) q 2 [2, 2⇤]
Z

K

|vR(uk)uk log u
2
k
|
2 < C2 + ||uk||

2+2�
H

1
rad(RN )

< C3,

(uk) H1
rad

(RN).

vR(uk)uk log(u2
k
) ! vR(u)u log u2 uk ! u vR log x

|vR(uk)ukv log u2
k
|  ||v||1|vR(uk)uk log u2

k
| < ||v||1 · c 2 L2

loc
(RN).

Z
vR(uk)ukv log u

2
k
!

Z
vR(u)uv log u

2.

k ! 1

����
Z

vR(uk)rukrv + !

Z
vR(uk)ukv �

Z
vR(uk)ukv log u

2
k
� hJ 0(uk), vR(uk)vi

���� 
C2

R
.

R ! 1,
Z

rurv + !

Z
uv =

Z
uv log u2; 8v 2 H1(RN) \ L1

c
(RN).

Z
G1(u)  lim inf

Z
G1(uk)

Z
G2(u) = lim

Z
G2(uk).

G(s) = G2(s)�G1(s),
Z

G(u) =

Z
(G2(u)�G1(u)) =

Z
G2(u)�

Z
G1(u)

� lim sup

Z
G2(uk) + lim sup

Z
�G1(uk)

= lim sup

Z
G2(uk)�G1(uk)

= lim sup

Z
G(uk),

lim
R
G2(uk) =

R
G2(u)

R
G1(u)  lim inf

R
G1(uk).

lim sup
R
u2
k
log u2

k

R
u2 log u2.

hJ 0(uk), uki ! 0

lim

✓
||ruk||

2
2 + w||uk||

2
2 �

Z
u2
k
log u2

k

◆
= 0.



lim sup ||ruk||
2
2 + !||uk||

2
2  lim supK||uk||

2 < 1

lim sup
R
u2
k
log u2

k

R
u2 log u2 < 1

0 = lim

✓
||ruk||

2
2 + !||uk||

2
2 �

Z
u2
k
log u2

k

◆
 lim sup

�
||ruk||

2
2 + !||uk||

2
2

�

+ lim sup

✓
�

Z
u2
k
log u2

k

◆

) lim sup
�
||ruk||

2
2 + !||uk||

2
2

�
= lim sup

Z
u2
k
log u2

k


Z
u2 log u2

= ||ru||22 + !||u||22,

v = u.

lim sup ||ruk||
2
2 + !||uk||

2
2  ||ru||22 + !||u||22

g : H1
rad

(RN) ! R

g(u) = ||ru||22 + !||u||22

g

g(u)  lim inf g(uk).

lim ||ruk||
2
2 + !||uk||

2
2 = ||ru||22 + !||u||22.

M > 0 M > 1
!

M > 1.

||uk � u||2 = ||r(uk � u)||22 + ||uk � u||22  M ||r(uk � u)||22 +M!||uk � u||22

= M(||r(uk � u)||22 + !||uk � u||22) ! 0.

uk ! u em H1
rad

(RN).

J (PS)c c 2 R.

J (epi)c
|dZ2GJ |(0, ✏) 6= 0 ✏ � ↵.



⌦ ⇢ RN g : ⌦⇥R ! R G(x, s) =
R
s

0 g(x, t)dt.

sup
|s|t

|g(·, s)| 2 L1
loc
(⌦), 8t > 0.

f : W 1,2
0 (⌦) ! R

f(u) =

Z

⌦

G(x, u)dx.

a 2 L1(⌦), b 2 R d � 0

�a(x)� b|s|
2n

(n�2)  G(x, s)  a(x) + b|s|
2n

(n�2) + dsg(x, s)

x ⌦ s 2 R. f : W 1,2
0 (⌦) ! R

d = 0

f. d

G(x, ·) ⌦ g(x, 0) 2 L
2n

(n�2) (⌦)

sg(x, 0)  G(x, s)  sg(x, s).

H1
0 (⌦) ,! L

2n
(n�2) (⌦)

u 2 H1
0 (⌦) f(u) 2 R

sg(x, s) � �
2

d
a(x)�

2b

d
|s|

2n
(n�2) .

d > 0 u 2 W 1,2
0 (⌦) g(x, u)u 2 L1(⌦). f(u) 2 R

� > f(u), �, � > 0

Z 1

0

Z

⌦

g(x, w + ⌧z)(w + ⌧z)dxd⌧ >

Z

⌦

g(x, u)udx+ �,

w, z 2 W 1,2
0 (⌦), ||w � u||1,2 < �, ||z||1,2 < �

Z 1

0

Z

⌦

G(x, w + ⌧z)dxd⌧ > �� �.

(u,�) 2 epi(f) � > f(u). |dGf |(u,�) = 1.

g(x, ·) ⌦, |dZ2Gf |(0,�) = 1 � > f(0).



d = 0, f

g(x, u)u 2 L1(⌦). � �

R > 0, vR : R ! [0, 1]

supt(vR) ⇢ [�2R, 2R]

|v0
R
(s)|  2

R
.

v 2 W 1,2
0 (⌦) \ L1

c
(⌦) R > 0, |v|  |u|

||vR(u)v � u||1,2 < ✏

e

Z

⌦

g(x, u)vR(u)vdx <

Z

⌦

g(x, u)udx+
�

4
.

�0 2 (0, �] \ (0, 1),

H1 : {w 2 B(u, �0) : f(w) < 1}⇥ [0, �0] ! W 1,2
0 (⌦),

H1(w, t) = w + t(vR(w)v � w). z = t(vR(w)v � w), x 2 ⌦

G(x, w + z)�G(x, w)

t
=

Z 1

0

1

1� ⌧ t
g(x, w + ⌧z)vR(w)vd⌧

�

Z 1

0

⌧ t

1� ⌧ t
g(x, w + ⌧z)(w + ⌧z)d⌧

�

Z 1

0

g(x, w + ⌧z)(w + ⌧z)d⌧.

�0,

sg(x, s) � �
2

d
a(x)�

2b

d
|s|

2n
(n�2)

3��0 + 2�  2�0 ||vR(w)v � w||1,2 < ✏

Z 1

0

Z

⌦

1

1� ⌧ t
g(x, w + ⌧z)vR(w)vdxd⌧ <

Z

⌦

g(x, u)udx+
�

4
,

Z 1

0

Z

⌦

⌧ t

1� ⌧ t
g(x, w + ⌧z)(w + ⌧z)dxd⌧ > �

�

4
,

Z 1

0

Z

⌦

g(x, w + ⌧z)(w + ⌧z)dxd⌧ >

Z

⌦

g(x, u)udx�
�

2
.

H : (B((u,�), �0)\ epi(f))⇥ [0, �0] ! epi(f)

H((w, µ), t) =
⇣
H1(w, t), µ�

�

2
t
⌘
.



⌧ 2 [0, 1] f(w + ⌧z) < � � �. (3.15)

(3.16)

f(H1(w, t))  f(w) +
�

2
t� �t = f(w)�

�

2
t  µ�

�

2
t.

f(w)  �� �, (3.15� 3.17),

f(H1(w, t))  f(w) + �t  �� � + ��0  �� �0 �
�

2
�0  µ�

�

2
t.

⌧ 2 (0, 1] f(w+ ⌧z)  �� �.

H epi(f).

Gf (H(w, µ), t) = Gf (w, µ)�
�

2
t

||H1((w, µ), t)�w||21,2+|H2((w, µ), t)�µ|2 =

✓
||vR(w)v � w||21,2 +

�2

4

◆
t2 

✓
✏2 +

�2

4

◆
t2.

|dGf |(u,�) �
�

p
4✏2 + �2

.

✏ > 0 ✏ ! 0+

|dGf |(u,�) � 1.

|dGf |(u,�) = 1,

|dGf |(u,�)  1. g(x, u)u /2 L1(⌦).

Z

⌦

g(x, u)udx = +1.

v = 0. M > 0.

�0

f(H1(w, t))  f(w)�Mt.

H((w, µ), t) = (H1(w, t), µ�Mt),

|dGf |(u,�) �
Mp

(||u||1,2 + 1)2 +M

M > 0 M ! +1,

|dGf |(u,�) � 1.

g(x, ·) f

u = 0 � > f(0), g(x, u)u 2 L1(⌦)



v = 0. H(·, t)

J (epi)c c 2 R
|dZ2GJ |(0, ✏) 6= 0 ✏ � ↵.

f = J

|dZ2GJ |(0, ✏) 6= 0 ✏ > ↵ > J(0). J

(epi)c.

inf{|dGJ |(u,�) ; f(u) < �, |�� c| < ✏} > 0.

� f(u)

|dGJ |(u,�) = 1.

inf{|dGJ |(u,�) ; f(u) < �, |�� c| < ✏} = 1 > 0

c 2 R. J (epi)c c 2 R.

��u+ !u = u log u2.

u 2 H1(RN).

J

(uk) H1
rad

(RN)

J(uk) ! 1 quando k ! 1.

Z
rukrv + !

Z
ukv =

Z
ukv log u

2
k
; 8v 2 H1(RN) \ L1

c
(RN).



Z
rurv + !

Z
uv =

Z
uv log u2; 8v 2 H1(RN) \ L1

c
(RN),

u

v 2 H1(RN) H1(RN)

u

X = H1
rad

(RN). J

J

PS J

J

J(0) = 0.

J(u) =
1

2
||ru||22 +

! + 1

2
||u||22 �

1

2

Z
u2 log u2

�
1

2
||ru||22 +

! + 1

2
||u||22 +

1

2
(! + 1 + n(1 + log a)� log ||u||22)||u||

2
2

� c||u||2.

a > 0 ||u|| = ⇢

V0 := {0} Z = H1
rad

(RN),

||u|| = ⇢) c||u||  J(u) ) c⇢  J(u).

↵ = c⇢

Vk

H1
rad

(RN)

�� + |x|2)

Vk Vk

||um|| ! 1

µm = ||um||2 ! 1. um = µmwm,

wm = ||um||
�1
2 um.



||wm||2 = 1

||rwm||  c,

||rwm||
2
2 + ||wm||

2
2 = µm

Z
w2

m
) ||rwm||

2
2 = µm � 1.

||wm||1  C, (um)

J(um) =
1

2

✓
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2
2 + (w + 1)||um||

2
2 �

Z
u2
m
log u2

m

◆
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1

2

✓
||r(µmwm)||

2
2 + (w + 1)µ2

m
�

Z
(µmwm)

2 log µ2
m
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m

◆

=
1

2

✓
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2
2 + (w + 1)µ2

m
� µ2

m

Z
w2

m
log µ2

m
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m

◆
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m

2

✓
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2
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Z
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m
log µ2

m
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m

◆

=
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m

2

✓
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Z
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(log µ2
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)

◆

=
µ2
m

2
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2 �

Z
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✓
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m

2
(C � log µ2

m
) ! �1.

G : [�C,C] ! R
(Rk) (⇢,1)

u 2 Vk ||u|| � Rk,

J(u)  0.

J (uk) J(uk) ! 1.

|hJ 0(uk), vi|  |dJ |(uk)||v|| = 0 )Z
rukrv + !

Z
ukv =

Z
ukv log u

2
k
; 8v 2 H1(RN) \ L1

c
(RN).



u 2 L1
loc
(⌦)

�u 2 L1
loc
(⌦) ⌦

u � 0 ⌦,

�u  �(u) {x 2 ⌦ : 0 < u(x) < a}. a

� : [0, a] ! R
�(0) = 0. �(S) = 0 S > 0

Z a
2

0

(�(S)S)
�1
2 dS = 1

�(S) > 0 S > 0

u ⌘ 0 ⌦ u ⌦

K ⇢ ⌦ c = c(K) > 0

u � c, q.t.p em K.

u u

�(s) =

8
<

:
!s� s log s2, se s 6= 0

0, se s = 0

� s

�(0) = 0 �(
p
e!) = 0 u 2 L1

loc
(RN) �u 2 L1
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u u
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J

C2(R).

(3) C2(RN) :

J

C2(RN)

u0 J u0

Z

RN

ru0 ·rvdx+ !

Z

RN

u0vdx =

Z

RN

vu0 log u
2
0.

v 2 H1(RN) \ L1
c
(RN). u0

8
<

:
��u = f(u0), em B(0, R)

u = u0, sobre @B(0, R).

v 2 C1
c
(B(0, R)) ṽ v RN

supt(ṽ) = supt(v). v
Z

RN

ru0 ·rṽdx+ !

Z

RN

u0ṽdx =

Z

RN

ṽu0 log u
2
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Z

supt(ṽ)

ru0 ·rṽdx+ !

Z

supt(ṽ)

u0ṽdx =

Z

supt(ṽ)

ṽu0 log u
2
0 )

Z

supt(v)

ru0 · vdx+ !

Z

supt(v)

u0vdx =

Z

supt(v)

vu0 log u
2
0.

v
Z

B(0,R)

ru0 ·rvdx+ !

Z

B(0,R)

u0vdx =

Z

B(0,R)

vu0 log u
2
0.

v 2 C1
c
(B(0, R)) C1

c
(B(0, R)) H1(B(0, R))

Z

B(0,R)

ru0 ·rvdx+ !

Z

B(0,R)

u0vdx =

Z

B(0,R)

vu0 log u
2
0

v 2 H1(B(0, R)). g : B(0, R) ⇥ R ! R

g(·, u0) = �!u0 + u0 log u
2
0,



u0

��u0 = g(·, u0(·)).

B(0, R) g

|g(x, u0)| = |� !u0 + u0 log u
2
0|  !|u0|+ |u0 log u

2
0|

↵ > 0 1 + ↵ 2 [1, N+2
N�2 ].

lim
x!1

x↵

log x2
= 1.

K > 1 > 0 x /2 B(0, K),

x↵ > log x2.

h : R+
! R h(x) = !x+x log x2

B(0, K) C1 > 0.

|u0|  K

|g(x, u0)|  h(|u0|)  M.

|u0| > K > 1 |u0|  |u0|
1+↵ log u2

0  |u|↵

|g(x, u0)|  !|u0|+ |u0 log u
2
0|  !|u0|

1+↵ + |u0| · |u0|↵  M1|u0|
1+↵.

|g(x, u0)|  M +M1|u0|
1+↵

 C(1 + u1+↵

0 )

C = max{M,M1} (1+↵) 2 [1, N+2
N�2 ].

u0 2 Lq(B(0, R))

q 2 [1,1).

u0

f : RN
! R f(x) = u0(x) log(u2

0(x)) u0 r � 1

|f(x)|r = |u0(x) log(u
2
0(x))|

r = |u0|
r
|u0|

↵ = |u0|r + ↵.

↵ > 1 u0 2 Lq(B(0, R)) q 2 [1,1)

f 2 Lr(B(0, R)) r � 1

u0 2 W 2,r(B(0, R)) r � 1 (iv)

r > N m = 1 j = 1

N

p
< 1 = m ) W 2,r(B(0, R)) ,! C1,↵(B(0, R))



u0 2 C1,↵(B(0, R)) ↵ < 1. u0 2 C2(B(0, R)).

u0 C2(B(0, R)) R

⌦ = B(0, R) f1 = g(·, u0(·)) � !u0(·) h = u0

B(0, R)

f1 2 C↵

loc
(⌦). f

B(0, R)

|f1(x)� f1(y)| = |f(u0(x))� f(u0(y))|  M · |u0(x)� u0(y)|  M ·M1||x� y||↵

M f M1 u0 2 C1,↵(B(0, R)).

g 2 C0,↵(B(0, R)).

u1 2 C2(⌦)\C0(⌦). u1 = u0.

u1

u1

Z

⌦

ru1 ·rvdx =

Z

⌦

vf1(x).

v 2 H1(⌦) \ L1
c
(⌦). u0

⌦,
Z

⌦

r(u1 � u0) ·rvdx = 0.

v 2 H1(⌦) \ L1
c
(⌦). v = u1 � u0, r(u1 � u0)(x) = 0

x 2 ⌦. u0 2 C1,↵(B(0, R)), r(u1 � u0)(x) = 0

x 2 B(0, R) u1�u0

B(0, R) u1 = u0 u1 = u0

u1 = u0, u0 2 C2(⌦)\C0(⌦). R > 0

u0 2 C2(RN),

�u0 + !u = f(u), em B(0, R),

R > 0

�u0 + !u = f(u), em RN .

u0
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I 2 C1(E,R) I|Sm�1 m

⌃(E) = {A ⇢ E \ {0}; }.



A 2 ⌃(E). A, �(A),

n � 2 C(A,Rn
\{0})

n A, �(A) = 1 A = \;, �(A) = 0.

B ⇢ E B \ (�B) = ;, A = B [ (�B),

�(A) = 1.

A 2 ⌃(E), A ⇢ E \ {0}

' : A ! R \ {0}

'(x) =

8
><

>:

1, se x 2 B

�1, se x /2 �B

�(A) = 1.

A 2 ⌃(E) �(A) > 1, A

A

A = B [ (�B) B B \ (�B) = ;. �(A) = 1,

n � 1 A Sn

�(A) > 1. �(A) = 1

' 2 C(A,R \ {0}) ' x 2 A

'(x) > 0 ) '(�x) = �'(x) < 0.

y x

�x '(y) = 0, '(A) ⇢ R \ {0} �(A) > 1.

A 2 ⌃(E) � > 0, N�(A) �� A,

N�(A) = {x 2 E; d(x,A)  �}.



F

X J

f : F ! J, ' : X ! J '(x) = f(x)

x 2 F.

A,B 2 ⌃(E).

x 6= 0, �({x} [ {�x}) = 1.

f 2 C(A,B)

�(A)  �(B).

A ⇢ B, �(A)  �(B).

�(A [ B)  �(A) + �(B).

A �(A) < 1

� > 0 N�(A) 2 ⌃(E) �(N�(A)) = �(A).

�(B) = 1 �(A) = 1 �(B) = 1.

n 2 N ' : B ! Rn
\ {0}

g = ' � f : A ! Rn
\ {0}

�(A), �(B) < 1. �(B) = n

' : B ! Rn
\ {0}.

g = ' � f : A ! Rn
\ {0}

�(A)  n. �(A)  �(B).

(III) f

i : A ! B.

�(A) = m �(B) = n.

' 2 C(A,Rm
\ {0}) � 2 C(B,Rn

\ {0}).

'̂ 2 C(E,Rm) �̂ 2 C(E,Rn) '̂|A = ' �̂|B = �.

�̂ '̂ �̂ '̂

f = ('̂, �̂) f 2 C(A [ B,Rm+n
\ {0})

�(A [B) � m+ n = �(A) + �(B).



x 2 A, r(x) = 1
2 ||x|| = r = (�x) Tx = Br(x)(x)[Br(x)(�x).

�(Tx) = 1.

A ⇢

[

x2A

Tx

A x1, x2, · · · , xk 2 A

A ⇢
S

k

i=1 Txi .

�(A)  �

 
k[

i=1

Txi

!
 ⌃k

i=1�(Txi) = k < 1.

�(A) = n, ' 2 C(A,Rn
\ {0})

' 2 C(E,Rn) '. A

'̂ � > 0 '̂ 6= 0 N�(A). �(N�(A))  n = �(A).

A ⇢ N�(A), �(A)  �(N�(A)).

�(B) < 1, �(A \B) � �(A)� �(B).

A ⇢ (A \B) [B,

�(A)  �((A \B [B))  �(A \B) + �(B)

�(A \B) � �(A)� �(B).

⌦ ⇢ RN

0 2 ⌦ f : @⌦ ! Rm

m < N. x 2 @⌦ f(x) = f(�x).

A 2 ⌃(E) ⌦ ⇢ Rk

0 2 ⌦. h 2 C(A, @⌦)

�(A) = k.

�(A)  k. ⌦

⌦ \ @⌦ = ;.

0 2 ⌦ ) 0 /2 @⌦.

@⌦ {0} d({0}, @⌦) > 0.

h Rk
\{0} h 0 � @⌦.

�(A)  k. �(A) = j < k, ' 2 C(A,Rj
\ {0})



' � h�1
2 C(@⌦,Rj

\ {0})

x 2 @⌦,

(' � h�1)(x) = (' � h�1)(�x)

(' � h�1)(x)� (' � h�1)(�x) = 0

' � h�1

(' � h�1)(x) = 0.

�(A) = k.

F E k Sk�1
F

F �(Sk�1
F

) = k.

A = Sk�1
F

,⌦ = BF (0, 1) ⇢ F ⇠= Rk

h i : Sk�1
F

! @⌦

�(Sk�1)F = k.

X E k A 2 ⌃(E)

�(A) > k. A \X 6= ;.

E = V � X V k�

E. P E V A \ X 6= ;

P1 : A ! S \ V

P1(x) =
P (x)

||P (x)||
.

S E P1

�(A)  �(S \ V ) = �(Sk�1
V

) = k. A \X 6= ;.

Z2

G E

G. F ixG :

Fix(G) = {u 2 E | g · u = u g 2 G }.

E E \ {0}

A 2 E , x 2 A ) gx 2 A, 8g 2 G e x 2 A.

(E,G)

i : E ! N [ {1}

A,B 2 E :



x /2 FixG, i
⇣S

g2G gx
⌘
= 1.

f 2 C(A,B) f

A ⇢ B ) i(A)  i(B).

i(A [ B)  i(A) + i(B).

A A\FixG = 0, i(A) <

1 � > 0

N�(A) 2 E e i(N�(A)) = i(A).



�u = g(·, u), em ⌦

⌦ ⇢ RN g : ⌦ ⇥ R ! R

g

|g(x, u)|  C(1 + |u|p),

p 2
⇥
1, N+2

N�2

⇤
, N � 3.

u 2 H1
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(⌦)

Z

⌦

ru(x)rv(x) =

Z

⌦

g(x, u(x))v
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⌦ RN g : ⌦ ⇥ R ! R
x 2 ⌦,

|g(x, u)|  a(x)(1 + |u|)

a 2 L
n
2
loc
(⌦). u 2 H1

loc
(⌦)

u 2 Lq
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(⌦) q 2 [1,1). u 2 H1

0 (⌦) a 2 L
n
2 (⌦), u 2 Lq(⌦)
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n
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a 2 L
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2
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Z
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Z
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Z
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fv

v 2 C1
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⌦ m 2 N 1  p < 1.

j 2 N

m < n

p
W j+m,p(⌦) ,! W j,q(⌦), p  q  Np

N�mp

m = N

p
, W j+m,p(⌦) ,! W j,q(⌦), p  q < 1.

N

p
< m W j+m,p(⌦) ,! Cj

B
(⌦),

m� 1 < N

p
< m W j+m,p(⌦) ,! Cj,↵(⌦), 0 < ↵ < m�

N
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.
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⌦ ⇢ RN , @⌦

y 2 @⌦ w 2 C0(⌦) w

⌦, w(y) = 0 w > 0 ⌦ \ {y}.
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