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standard Lorentzian metric

To motivate our study, we recall the Minkowski space (R, g) with its

n+1

g=—dx+) d,
=2
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To motivate our study, we recall the Minkowski space (R, g) with its

n+1
B=—dq+ ) dx,
i=2
kowski space.

and let ¢ : X" — ]Ri’“ be an isometric spacelike immersion in the Min-
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To motivate our study, we recall the Minkowski space (R, g) with its
standard Lorentzian metric

n+1

g=—dx + d,
=2

and let ¢ : X" — ]Rf“ be an isometric spacelike immersion in the Min-
kowski space.

We recall that the mean curvature flow (MCF) with a forcing term H
associated to the immersion v is a family of smooth spacelike immersions
W, = W(t,-): " — Ry with corresponding images

Y7 =W, (X"

satisfying the following evolution equation
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To motivate our study, we recall the Minkowski space (R, g) with its
standard Lorentzian metric

n+1

g=-—dd+) o,

=2
and let ¢ : X" — ]Rf“ be an isometric spacelike immersion in the Min-
kowski space.

We recall that the mean curvature flow (MCF) with a forcing term H

associated to the immersion v is a family of smooth spacelike immersions
W, = W(t,-): " — Ry with corresponding images

Y7 =W, (X"
satisfying the following evolution equation
ov
{ T (H—H)n, (1)
v(0, p) = ¥(p)-
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Many authors have studied this geometric flow on Minkowski space and
Lorentzian manifolds aiming to understand the short and long behavior
of its solutions and the relationship with the problem of prescribed mean
curvature or how to foliating spacetimes by almost null like hypersurfaces.,
e.g., Ecker-Huisken in 1991, Ecker in 1993 and 1997, Huisken-Yau in 1996,
Aarons 2005, and many others important works.
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An interesting case in the mean curvature flow equation is the non-parametric
setting, where each slice is a graph, that is,

Y7 = {(U(t,"),p): p € Q} C Ry x R" = R{H1,
for U(t,-) € CY(Q) and with |DU(t,-)| < 1in Q.
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An interesting case in the mean curvature flow equation is the non-parametric
setting, where each slice is a graph, that is,

Y7 ={(U(t,"),p): p € Q} C Ry x R" =R,

for U(t,-) € CY(Q) and with [DU(t,-)| < 1 in Q. With a straightforward
to the equation:

computation we can verify that in this setting the equation (1) is equivalent

o =IO, )P {div( oY

= —H|, 2
z 1—|DU(t,-)|2> [ @
which is the parabolic analogue of the maximal surface equation.
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Aarons proved that the solution of the equation (2) exists for all ¢ and
assuming that 2 = ¢ > 0, ¥y = W(0,X) has bounded curvature and it
never intersects future null infinity Z" or past null infinity Z— at all, then
Y; = V(t,X) converges under the flow to a convex graph satisfying

H=—av+c, ©)

fora<0and v=(N,em1)
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As the solutions of the equation (2) model the behavior of the MCF with
forcing term H = c at infinity, such equation became very interesting.
Such solutions are called downward translating soliton and are the functions
u € C°°(R") satisfying the quasilinear elliptic PDE

. Du _ E]
le(—m) = CaF —/—1 = |Du|2 . (4)
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In this talk we use new concepts introduced in the literature by some
authors, for example, Alias, de Lira, Martin, Rigoli and others, and on
this new set up we establish new necessary conditions to the existence of

translating soliton and we also comment about the existence of solutions
of such equation.
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Throughout the talk, let us consider an (n+1)-dimensional Lorentzian pro-

duct space M of the form R; x P", where (P", gpn) is an n-dimensional
. . . —nt+l . .

connected Riemannian manifold and M" ' is endowed with the standard

product metric (,) = —m5(dt?) + m.(gpr), where mg and 7o denote the
canonical projections from R; x P" onto each factor.
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Throughout the talk, let us consider an (n+1)-dimensional Lorentzian pro-
duct space M of the form R; x P", where (P", gpn) is an n-dimensional

. . . —n+1 .
connected Riemannian manifold and M is endowed with the standard

product metric (,) = —m5(dt?) + m.(gpr), where mg and 7o denote the
canonical projections from R; x P” onto each factor.

Lets consider
—n+1 . . . . 5n+l
» :¥" — M = a spacelike immersion in M~ ;

n € X(X)* a timelike unit vector field having the same
time-orientation of O;

v

\/

A(X) = —Vxn the second fundamental form associated to N;
H = trace(A) the mean curvature function on X;

v

v

v = (n,d¢) the angle function (or lapse function);
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Following de Lira and Martin, we introduce the notation:

. —n+tl . . .
A spacelike hypersurface ¢ : ¥"7 — M"" immersed in a Lorentzian pro-

—n+t1 . . . .
duct space M= R; x P" is a spacelike translating soliton of the mean

curvature flow with respect to 0; with forcing term H = c and soliton
constant a € R, if its mean curvature function satisfies

H=-av+ec. (5)

In case a < 0 we call the hypersurface by spacelike downward translating
soliton.
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A graph X(u) is a spacelike translating soliton with respect to 0; with
solution of the following system:

forcing term H = c and soliton constant a if, and only if, u € C*°(Q) is a

. Du a
dlv]pn( W) =—

W+c

|DU|]P>n < 1,
and here W =

(6)
1— |Duf2,. If u € C>(P) is a solution of the system
(6), X(u) is called an entire spacelike translating graph.
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that P is complete:

We introduce a notation in Ry X P” in a similar way as in Ri’“, assuming

Let u: P" — R be a solution of (6). The spacelike hypersurface defined

by u intersect the null infinity Z if lim |Dulp-(p) = 1.
p—00

Note that such notation is interesting only in the non-compact case.
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Here we recall a classical result due to Omori in 60's. The result is the
following:

Let X be a connected and complete Riemannian manifold whose sectional
curvature has a lower bound. If u is a smooth function such that u* =
supy u < oo, then there is a sequence {p,} of points on ¥ satisfying:

(i) u(pn) — u*; (i) |Vu|(pa) — 0; and (iii) (Hess u)(pn)(X, X) < %|X|2.
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Under suitable conditions we prove:

Let Ry x P" be a Lorentz space whose its base is complete, has sectional
curvature bounded from below and nonnegative Ricci curvature. Thus, any
entire spacelike downward translating soliton which never intersect the null
infinity is mean convex.
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Under suitable conditions we prove:

Let Ry x P" be a Lorentz space whose its base is complete, has sectional
curvature bounded from below and nonnegative Ricci curvature. Thus, any

entire spacelike downward translating soliton which never intersect the null
infinity is mean convex.

A simple and interesting consequence is the following result:

Under the conditions of the previous theorem. There is no entire spacelike
downward translating soliton which never intersect the null infinity and
forcing term greater than minus the soliton constant.
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Consider the surface

Y ={(-alny,x,y):y >0} CRy x H?,

where the constant a € R* is such that 0 < |a| < 1 and H? = R x R,
stands for the two-dimensional hyperbolic space endowed with the com-

plete metric (, )gz = 715(dx2 + dy?). This is a complete spacelike trans-

: : ! D .
lating solltc.)n with const.ant nTean curvature H = i = av, W.Ith
respect to its natural orientation. Hence, the hypothesis of nonnegative
Ricci curvature on the Riemannian base P” is, indeed, necessary to gua-

rantee the nonexistence result of spacelike translating solitons.
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Proof: Let {61,62, -++,en} be a local geodesic frame at a point p of P.
Denote by a’ = §;; + 774 and W = (1 — | Dul? )2, and so the equation (5)
can be written as a’fuu = cW + a, here and from now on we will use the
Einstein summation convention. Taking the derivative in direction e, we
get

agu,-j =F a’ju,-jk = cW,. (7)
Observe that

i Upcldj Uil uiu; Wi
aliu"j = <l1/|/2j+ |;VJ2 —2’V1/3 )uij (8)
. Uj Uj UjUji ujujupup )
= 2
e e
i (u,kuJ U,UjU/U[k)
w\ W ws
2 u,ujujk

= (=W — W)

- o)

2 .
= —w? Wi,

i

i
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We also need the following computation:

W, — _ Ukl ke Uy i Wi (9)
w W w2
_ _ UkUyij (Uijki T UkUkiUIUIj)
w w w3
——uk;/ku = % <5klukiu/j o Ukl Uity
_ ks

we )
1
W —Wak’uk,-u/j,

so its inverse is g7 = §; + W~2u;u;. Since the second fundamental form
, ujj
of the graph is a; = ——2

and recall the metric on a graph in R; x IP is given by gj = 6;; — u;ju; and
w

1 .
, we deduce that |A]> = ——g¥g" ujjuy.
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2 . ..
0 = U_Vll; (—WQUVV,'Ujk aF a”u,-jk = CWk>
2 Uk Uik ue W
— W2a Wukujk-l-aUWJ W
2 Uy
= _WaUWUJkW = a" (Uku aF RJk,sus) W Wk W
2 . u "
= —WBUM/inka =+ aUUkUW =+ a R_/k,SUS W CWk
2 ij Uy ij Kkl
= —Wa W,-ujkW+a (—VV,'J'— Wa uk,u,J)-l-a Rjk,SUSW CWkW
ij 2 ij 1 ii kI Uy
= —aJVV;j—i— WaJVV,'VVj = Wafa Ugiujj — a" RijIuSW CWk

i1 1
20 [ = i _ 2 T P
W<a (W)ij—i—cuk <W>k W — W|A WRICP(DU, Du),

we used Ricci identity in third equality, (9) in the fifth equality and the
expression for the length of the second fundamental form in the last one.
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Thus,

AR (1 1 1
W =L W ~|—cW Du, D W W3RIC]P(DU Du),

for Lv = alv;;, which is an elliptic operator on PP. Since Ricci curvature
of the base is nonnegative, we get

|A|2 1 1 1
< — —
W L W +c W Du, D W)
and using that a” is bounded from above in the quadratic form sense and
the lower boundedness of the sectional curvature we are able to apply

. . 1 .
Omori's theorem for the function W and deduce that there is a sequence

{pn} such that lim, |A|?>(p,) = 0, and in particular we obtain that

sup(—v) =< (1) :
up(—v)=sup| — ) = —-,
]P’p ]P’p w

and the result follows. Q.E.D.
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Let ¥ be a spacelike hypersurface of Ry x M"(k). Then,

1
§A|A|2 = |VAP? + trace(A o Hess H) — kH(AT, T) (10)
2 2 2 H2 I 2
+nsl AT 2+ n? ( AP — — ) + Z Ryii(ki — kj)?,
1J
where k; are the principal curvatures.
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intersect the null infinity. Then, the length of the second fundamental
form is bounded from above.

Let X be an entire spacelike translating soliton in Ry x M"(k) which never
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Proof: Using Theorem 7 and the hessian of v we have

1
EA|A|2 = |VAP + (akv(AT, T) — akvH|T|> + a(V 1A A) — av TrA)

+(kn|A? + kn|AT|? + k| T|*|A]? — HTrA® — kH? — 2kH(AT, T)
+|AY) — KH(AT, T) — kv*H? + ni|AT |2 + nrv?| AP
= |VAPR+ §T(|A|2) + k(av — 3H)(AT, T) — (av + H) TrA®

—k(1+ P )H? + k(n + | T > + nv?)|AP + 26n|AT |2
—akvH| T2+ |A*

After many estimates we obtain

1
-A|A|2 5|A|4 -C. (11)
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Set f = |AJ? and consider ((x) = ¢ — r? and g = (?f. So, applying (11)
in Bs(p, ro), we have

2
% <SG+AC28) =G+ 2Ag —2¢73(V(, Ve) +gA((T?).

For X a point of maximum of g in such ball we have Vg(x) = 0 e Ag(x) <
0. Using the tracing of the Gauss equation and the boundedness of v we

obtain that Ric(v,v) > —O‘—z, where « is a constant, and using Bochner
formula we get Ar? < G3(1+ r?).
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Thus, at X, we get

1 _

585 < G+’ A(CT?) = Gt - 26CAC + 68| V([
< G(r8 +2g(rRRAr? +12r7))
S C4(r(€)3 + rég)7

for ry sufficient large. Therefore, g(X) < Csrg and making ry — 0o we
conclude that |A]> < G5, and so we finish the proof. Q.E.D.
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Thank you for your attention!

mhbs©@mat.ufal.br
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