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Study Area

The research was carried on the Três Irmãos HPP reservoir, located in the Tietê river 

basin, near the municipalities of Pereira Barreto (SP) and Andradina (SP) (see Figure 1). 

The stretch of the dam considered consists of about one third of the total flooded area of 

the reservoir and was chosen because it is the stretch where the dam of the hydroelectric 

is located and the region with the greatest availability of physical data obtained in the 

field. A simplified two-dimensional outline of the region was established with about 156 

km2 (25 km by 14 km, approximately).

Figure 1 - Study area. In detail, the region of the dam of the Três Irmãos hydroelectric power plant 

(Adapted from Google Earth©).

In situ analyses
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Cryo-EM structure of triple ACE2-bound SARS-
CoV-2 trimer spike at pH 7.4
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ż = �z � µzz � �zzy
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ża = �zzy � µzza
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Figure 2: CD8+ T Response

(CD8 + T) and the HIV activated defense cells (CTL), respectively. Figure 3 illustrates the action of the
activated defense cells, which eliminate infected cells y and free viruses v.
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Figure 3: CTL Response

It is worth point out that, in the proposed model, the immune CTL cells are activated directly by the
free viruses. In contrast, some previous works in the literature assume they are activated by infected cells,
healthy cells and also CTL cells [1]. Observe that this is a simplification of the proposed model, which takes
advantage of the fact that all elements that act to activate the immune CTL cells are mediated directly or
indirectly by the virus. This hypothesis in our model simplifies the complex phenomena of activation and
inactivation of the immune system by cytokines and dendritic cells (antigen presenting cells) [1]. Such a
simplification is very useful in the optimal control formulation, which results in a larger and more complex
set of equations.

3. Equilibrium Points and Stability

3.1. Trivial Equilibrium Point

For a non-HIV-infected person, v̄ = 0 (not virus), it is logical to conclude that we have no infected cells
(ȳ = 0) and no activated defense cells (z̄a = 0). Upon fixing these values in (1) and solving for the remaining
unknowns, one finds the trivial equilibrium point of the dynamic system in Eq. (1), described below:
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(ȳ = 0) and no activated defense cells (z̄a = 0). Upon fixing these values in (1) and solving for the remaining
unknowns, one finds the trivial equilibrium point of the dynamic system in Eq. (1), described below:

Po =













x̄
ȳ
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In the above equations, the variable x represents susceptible cells, i.e.,95

cells that the HIV can connect to, the variable xp represents susceptible cells

protected by reverse transcriptase inhibitors, protease and input; the variable

y represents those cells already connected to the HIV (infected), whereas the

variable yb represents infected cells that are blocked by protease inhibitors.

We use v to represent the free virus present in the body, and employ the100

variable z to describe the population of killer T cells (CTL) of the immune

response. Finally, the variable za represents the population of CTL cells

activated to fight the infected cells, which is responding with antibodies (De

Boer, 2002). The model accounts for the fact that when the treatment is

interrupted, the blocked cells lose their protection and resume the production105

of the virus. As previously discussed, in the absence of protected and blocked

cells, the infection generally returns with renewed force (e.g., Kilby et al.,

2000). From the model in (1) we see that the treatment works by turning

susceptible cells x, which can be contaminated by the virus, into protected
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ẏ = �vxv � µyy � pyyza � u2y
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ẋp = u1x� µxxp
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Modelo de Equações Diferenciais Ordinárias 

Nowak and Bangham (1996)
Levin et al. (1997)

Wodarz (2007)
Grégio et al. (2009)

Perelson and Ribeiro (2013)
Shu et al. (2014)

Arruda et al., (2015)
Heesterbeek et al. (2015)

Sánchez-Taltavull et al. (2016)
Yan et al. (2016)
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ẋ = �x � µxx � �vxv � u1x
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ẋ = �x � µxx � �vxv � u1x
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ẏb = u1y � µyyb
v̇ = kvµyy � µvv
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Modelo de Equações Diferenciais Ordinárias 

Finzi et al. (1999)
Kilby et al. (2000)

Adams et al. (2004)
Joly and Pinto (2006)

Eisele and Siliciano (2012)



Pontos de Equiĺıbrio

Os pontos de equiĺıbrio do sistema dinâmico são dados pela
relação:

P =

✓
�x

µx + u1 + �v v̄
,

�xµx

u1(µx + u1 + �v v̄)
,
µv v̄

kvµy
,
µv v̄

kvu2
, v̄ ,

kv�zµy

�zµv v̄ + kv µy µz
,

�z�zµv v̄

µz(�z µv v̄ + kv µy µz)

◆
,

onde:
v̄ = 0 ou a v̄ 2 + bv̄ + c = 0,
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Pontos de Equilíbrio
Os pontos de equilíbrio do sistema dinâmico são 

dados pela relação: 

onde

ou



Ponto de Equilíbrio trivial

Para uma pessoa não-infectada pelo HIV temos 
v= 0. Sendo assim o ponto de equilíbrio trivial é: 

Pontos de Equiĺıbrio Trivial

Para uma pessoa não-infectada pelo HIV temos v̄ = 0. Sendo
assim o ponto de equiĺıbrio trivial é:

Po =

✓
�x

µx + u1
,

�xµx

u1(µx + u1)
, 0, 0, 0,

�z

µz
, 0

◆
.

R0 =
kv�v�xµy

(µx + u1)(µy + u2)µv
.

Se R0 < 1, o ponto de equiĺıbrio trivial Po é estável. Ou seja,
a infecção não se propagaria no organismo do indiv́ıduo.Se R0 < 1, o ponto de equilíbrio trivial P0 é 

estável. Ou seja, a infecção não se propagaria 
no organismo do indivíduo. 



O problema de controle ótimo

Para que os limites de dosagens estejam entre 0 e 1.

Podemos interpretar esse funcional como 
maximizar o número de células protegidas ao 

mesmo tempo que minimizamos a quantidade de 
drogas administradas. 

Para encontrar u1 e u2 que minimize os efeitos 
colaterais usamos o principio do máximo de 

Pontryagin e derivamos o Hamiltoniano associado 
ao problema de controle ótimo.



Hamiltoniano

the maximum dosage between 0 and 1.

In the expression above, c1, c2 and c3 are non-negative scalars. The

functional J in (9) can be interpreted as follows: we seek to maximize the210

protected cells (xp) while also trying to minimize the drug administrations

(u1 and u2). We are assuming that the higher u1 and u2, the higher the side

e↵ects.

To find the optimal control variables u⇤
1 and u

⇤
2 that solve Problem (9), we

make use of Pontryagin’s maximum principle (Kirk, 1970; Lewis and Syrmos,215

1995; Pontryagin et al., 1961), and derive the Hamiltonian of our optimal

control problem, which is given by:

H = 1
2

⇥
c1x

2
p
� c2(1� v1)2 � c3(1� v2)2

⇤
+

+w1 [�x � µxx� �vxv � (1� v1)x] +

+w2 [(1� v1)x� µxxp] + w3 [�vxv � µyy � pyyza � (1� v2)y] +

+w4 [(1� v2)y � µyyb] +

+w5 [kvµyy � µvv] + w6 [�z � µzz � �zzy] +

w7 [�zzy � µzza] + ⌘1v1 + ⌘2v2,

where wj, j = 1, . . . , 7, are the co-state variables, that determine the adjoint

systems. It is well known that the optimal solution must satisfy both the

original and the adjoint system of equations. The variables ⌘1 and ⌘2 are220

14

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



Equações de Coestado
8
>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>:

dw1
dt

= �@H

@x
= µxw1 + �vvw1 + v1w1 � v1w2 � �vvw3

dw2
dt

= � @H

@xp
= �c1xp + µxw2

dw3
dt

= �@H

@y
= µyw3 + pyzaw3 + v2w3 � v2w4 � kvµyw5 + �zzw6� �zzw7

dw4
dt

= � @H

@yb
= µyw4

dw5
dt

= �@H

@v
= �vxw1 � �vxw3 + µvw5 + pvzaw5

dw6
dt

= �@H

@z
= µzw6 + �zyw6 � �zyw7

dw7
dt

= � @H

@za
= pyyw3 + µzw7.

(15)

Finally, we analyze the conditions of transversality. In our case, there is

no final value for the state variables. Therefore, the transversal conditions

to the adjoint variables are given by

wi(T ) = 0, i = 1, . . . , 7.

Observe that the optimal control values in (14) depend directly on the230

co-state variables and, through these variables, on the dynamics described

in (1). Hence, they cannot be analytically determined. Consequently, to

solve Problem (9), one searches for optimal control values v
⇤
1 and v

⇤
2 that

simultaneously solve the initial value problem and the final value problem in

Eq. (15). In this paper, we find the optimal control trajectories iteratively,235

employing a classical specialized gradient algorithm (Kirk, 1970) and solve

the di↵erential equation systems by means of finite di↵erence methods.
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Condições iniciais usadas 
nas simulações numéricas 

Condições Iniciais

Células suscet́ıveis x 103 mm�3

Células protegidas xp 0 mm�3

Células infectadas pelo HIV y 0 mm�3

Células bloqueadas yb 0 mm�3

HIV livres no organismo v 10�3 mm�3

Células T assassinas ativadas para o HIV z 500 mm�3

Células de defesa ativadas za 0 mm�3



Parâmetros usados nas simulações numéricas 
Parâmetros

Mortalidade das células suscet́ıveis µx 0.02 dia�1

Mortalidade das células infectadas µy 0.24 dia�1

Mortalidade do v́ırus µv 2.4 dia�1

Mortalidade das células T assassinas µz 0.04 dia�1

Número médio de v́ırus livre liberados por uma
célula infectada

kv 360

Taxa de ativação da resposta imunológica �z 5 · 10�6 mm3dia�1

Taxa de infecção do v́ırus �v 2.4 · 10�5 mm3dia�1

Taxa de destruição de células infectadas py 0.02mm3dia�1

Taxa de suprimento das células suscet́ıveis �x 20 dia�1mm�3

Taxa de suprimento das células T assassinas �z 20 dia�1mm�3

Controle através de inibidores de transcriptase
reversa, de integrase e de entrada

u1 [0, 1]

Controle através de inibidores de protease u2 [0, 1]
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Figure 2: Optimal Trajectories for Case 1: c1 = 10�6, c2 = c3 = 1.
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Figure 2: Optimal Trajectories for Case 1: c1 = 10�6, c2 = c3 = 1.
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Figure 3: Optimal Trajectories for Case 2: c1 = 10�6, c2 = 10, c3 = 1.
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Figure 3: Optimal Trajectories for Case 2: c1 = 10�6, c2 = 10, c3 = 1.
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Figure 3: Optimal Trajectories for Case 2: c1 = 10�6, c2 = 10, c3 = 1.
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Figure 3: Optimal Trajectories for Case 2: c1 = 10�6, c2 = 10, c3 = 1.
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Figure 3: Optimal Trajectories for Case 2: c1 = 10�6, c2 = 10, c3 = 1.
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Figure 3: Optimal Trajectories for Case 2: c1 = 10�6, c2 = 10, c3 = 1.
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Figure 4: Optimal Trajectories for Case 3: c1 = 10�6, c2 = 1, c3 = 10.
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Figure 4: Optimal Trajectories for Case 3: c1 = 10�6, c2 = 1, c3 = 10.
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Figure 4: Optimal Trajectories for Case 3: c1 = 10�6, c2 = 1, c3 = 10.
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Figure 4: Optimal Trajectories for Case 3: c1 = 10�6, c2 = 1, c3 = 10.
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Figure 4: Optimal Trajectories for Case 3: c1 = 10�6, c2 = 1, c3 = 10.
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Figure 4: Optimal Trajectories for Case 3: c1 = 10�6, c2 = 1, c3 = 10.
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Modelo de Disseminação de HIV através de 
Redes Sociais Sloot et al. (2008)

Barbastefano and Pastore (2019)



Montagem da rede

• Uma amostra inicial de infectados e ́ gerada. Para cada vértice, o modelo 
de equação e ́ rodado para um número sorteado de anos (distribuição  
uniforme entre 1 e 10 anos

• As escolhas dos valores de u1 e u2 foram feitas através de uma função que 
simula uma distribuição uniforme, onde 0 é a ausência de tratamento e 1 é a 
máxima eficiência do tratamento

• Em cada ano, sorteia-se, de acordo com uma lei de potências, o número de 
parceiros para cada vértice. Se o contagio acontece um novo vértice e uma 
nova aresta são adicionados a rede. A chance de contagio depende da 
carga viral de cada pessoa, que vem da simulação feita pelo modelo de 
EDO. 



Montagem da rede

• A cada ano, são sorteados novos indivíduos para receberem tratamento 
antirretroviral, de acordo com as médias oficiais de novos paciente 
existentes no site oficial brasileiro de estatísticas para o HIV, 
(http://indicadores.aids.gov.br/).

• São sorteados, de acordo com o tempo de contágio e uso de drogas 
(tratamento), os indivíduos que morrerão a cada ano, sendo removidos da 
rede 

• Para cada vértice, o modelo de EDO é executado mais uma vez para 
verificação da carga viral no ano seguinte 

http://indicadores.aids.gov.br/
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Tabela 1: Taxa de transmissão de HIV, conforme a carga viral - Fonte [1]

Carga viral (cópias de RNA HIV-1/ml) Taxa (%)

< 400 0,16%
400-3.499 2,06%
3.500-9.999 4,17%
10.000-49.000 8,12%

� 50.000 9,03%

de Sloot [8]. O resultado pode ser visto na figura 2. Para execução do modelo de EDO 1 foi
usado um algoritmo de Runge-Kutta de quarta ordem com h = 0, 01 dias. Os parâmetros
encontrados foram � = 1, 293, uma fração de novos tratados a cada ano de 5,1% e uma
taxa de letalidade de 3,5%.
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Figura 2: Valores verificados pelo modelo, no problema de determinação de parâmetros, em

comparação com o número de contágios entre homens no Brasil

4 Conclusões

Constrúımos um modelo de rede de contágio sexual de HIV como uma rede dinâmica
livre de escala, em que cada indiv́ıduo é representado por um nó e as arestas são os
elos entre os indiv́ıduos. As chances de contágio foram calculadas a partir das cargas
virais, geradas por um modelo de equações diferenciais ordinárias. O modelo apresentou

O modelo apresentou 
aderência aos dados 
empíricos do número 
de homens infectados 
com HIV no Brasil no 
período 2004-2014. 

Resultados
Resultados

O modelo 
apresentou 
aderência aos 
dados empíricos do 
número de homens 
infectados com HIV 
no Brasil no 
período 2004-2014. 
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